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Here we are today: AI and Society

AI is one of the most powerful technologies of our time. President Biden has been clear 
that we must take bold action to harness the benefits and mitigate the risks of AI. The 
Biden-Harris Administration has acted decisively to protect safety and rights in the age 
of AI, so that everyone can benefit from the promise of AI.

Develop standards, tools, and tests to help ensure 
that AI systems are safe, secure, and trustworthy



Modern Neural Network Architectures
The Evolved Transformer
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Figure 3. Transformer and Evolved Transformer architecture
cells. The four most notable aspects of the found architecture are
the use of 1) wide depth-wise separable convolutions, 2) Gated
Linear Units (Dauphin et al., 2017), 3) branching structures and
4) swish activations (Ramachandran et al., 2017). Both the ET
encoder and decoder independently developed a branched lower
portion of wide convolutions. Also in both cases, the latter portion
is almost identical to the Transformer.

Our proposed search (Table 1 row 1), which used both PDH
and Transformer seeding, was run first, with hurdles created
every 1K models (m = 1000) and six 30K train step (1
hour) increments (s =< 30, 30, 30, 30, 30, 30 >). To test
the effectiveness of seeding with the Transformer, we ran
an identical search that was instead seeded with random
valid encodings (Table 1 row 2). To test the effectiveness
of PDH, we ran four controls (Table 1 rows 3-6) that each
used a fixed number of train steps for each child model
instead of hurdles (Table 1 column 2). For these we used
the step increments (30K), the maximum number of steps
our proposed search ultimately reaches (180K), the total

number of steps each top model receives when fully trained
to gauge its final performance (300K), and half the step
increments (15K), recognizing the gains from evaluating a
larger number of models in the 30K steps control case. To
determine the number of child models each of these searches
would be able to train, we selected the value that would
make the total amount of resources used by each control
search equal to the maximum amount of resources used for
our proposed searches, which require various amounts of
resources depending on how many models fail to overcome
hurdles. In the three trials we ran, our proposed search’s
total number of train steps used was 422M ± 21M, with
a maximum of 446M. Thus the number of child models
allotted for each non-PDH control search was set so that
the total number of child model train steps used would be
446M.

As demonstrated in Table 1, the search we propose, with
PDH and Transformer seeding, has the best performance on
average. It also is the most consistent, having the lowest
standard deviation. Of all the searches conducted, only a
single control run – “30K no hurdles” (Table 1 row 3) –
produced a model that was better than any of our proposed
search’s best models. At the same time, the “30K no hur-
dles” setup also produced models that were significantly
worse, which explains its high standard deviation. This
phenomenon was a chief motivator for our developing this
method. Although aggressive early stopping has the poten-
tial to produce strong models for cheap, searches that utilize
it can also venture into modalities in which top fitness child
models are only strong early on; without running models for
longer, whether or not this is happening cannot be detected.
For example, the 15K search performed worse than the 30K
setting, despite evaluating twice as many models. Although
the 180K and 300K searches did have insight into long term
performance, it was in a resource-inefficient manner that
hurt these searches by limiting the number of generations
they produced; for the “180K no hurdles” run to train as
many models as PDH would require 1.08B train steps, over
double what PDH used in our worst case.

Searching with random seeding also proved to be ineffective,
performing considerably worse than every other configu-
ration. Of the five searches run, random seeding was the
only one that had a top model perplexity higher than the
Transformer, which is 4.75 ± 0.01 in the same setup.

5.2. Main Search.

After confirming the effectiveness of our search procedure,
we launched a larger scale version of our search using 270
workers. We trained 5K models per hurdle (m = 5000) and
used larger step increments to get a closer approximation
to 300K step performance: s =< 60, 60, 120 >. The setup
was the same as the Search Techniques experiments, except
after 11K models we lowered the mutation rate to 0.01 and

ConvNet
    Transformer   

<latexit sha1_base64="VDRpkPxsKPgWJMO1wi2MKE+Zo28="></latexit>

Rectified Linear Unit (ReLU)
<latexit sha1_base64="v93XD5lEySLFF0fnoFHmirEtm2E="></latexit>

(z)+ = max{0, z}

+ weight decay 
in training



Training Neural Networks
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Neural Networks with Rectified Linear Units (ReLUs)
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ReLU neurons
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Standard approach when training neural networks (possibly with a di↵erent loss)

“Training” Neural Networks
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regularize sum of squared weights
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Gradient descent update for vj (same for wj)
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Neural Balance

Neyshabur, B., Tomioka, R., & Srebro, N. (2015). In Search of the Real Inductive Bias: On the Role of 
Implicit Regularization in Deep Learning. In ICLR (Workshop).

Grandvalet, Y. (1998). Least absolute shrinkage is equivalent to quadratic penalization. In International 
Conference on Artificial Neural Networks (pp. 201-206). 
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because ReLU is piecewise linear
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at the global minimum of weight decay objective kvjk2 = kwjk2
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“Neural 
Balance”
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Secret Sparsity of Weight Decay
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same global minima as constrained `1 regularization
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`1 “path-norm”
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same global minima as “path-norm” regularization
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gradient descent with weight decay aims to minimize
sum of losses + sum of squared weights
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“multi-task” lasso



Weight Decay Produces Sparse Networks 

training a 320 neuron ReLU 
network to fit 32 data points

data and neural net fit

# SGD epochs / 10k

sparsity = # nonzero weights

12

320
weight decay (eventually) 
produces a very sparse 
neural network …  
  after millions of GD steps!

— sparsity
— data-fit error

<latexit sha1_base64="kMWRuCk6VFEAdt2fzXpUqypHdKQ=">AAAFg3icbZRRT9swEMfDaDfWrRtsj3uxRjcxAV3SjW0PmwTqQCB4KIhCoemQ4zhthBNntgN0lj/Ivtbe9m3mpG5KYJbSO/3+d2fHuauXkJAL2/4792C+Un34aOFx7cnT+rPni0svTjhNGcJdRAllPQ9yTMIYd0UoCO4lDMPII/jUu2xn+ukVZjyk8bEYJ3gQwWEcBiGCQqOLpfnf9bob42sxwpThSCaMJkp29C/lYRaiSjLBUQ </latexit>

equivalent `1 path-norm regularization
(gradient descent + soft-thresholding)
converges 15X faster
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`1— sparsity



Accurate, Robust, and Sparser Networks
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1. architecture: three-layer, fully connected, dataset: MNIST

2. architecture:six-layer, fully connected, dataset: MNIST

3. architecture: VGG-19, dataset: CIFAR-10

PROXIMAL GRADIENT TRAINING ALGORITHMS FOR NEURAL NETS

which has variant spatial frequency. The model used to fit the data is an one-hidden layer fully-
feedforward network, with 640 neurons, input dimension 1, and output dimension 1. We train with
weight decay, as well as kwk2kvk2 proximal algorithm.

Consider i-th neuron with wi 2 R input and vi 2 R output, we count an neuron to be active if
|wi||vi| > 0.001. With this, we obtain the number of active neurons during the training time, and
plot the figure as shown. From the plot, we can see weight decay can also sparsify the model, though
with much slower speed compared to the kwk2kvk2 proximal algorithm.

Fig. 2. The decision boundary figure is generated on the training task of fitting a 1-hidden-layer
shallow network to the data points presented in the figure. Fix the weight decay parameter � to
be 0.0001 and learning rate to be 0.1, we run both algorithm for same amount of iterations (till
converge).

The choice of learning rate and weight decay parameter is arbitrary. In general, we found that
with same weight decay parameter (the same objective), larger learning rate will see the model getting
over-thresholding (for both algorithm), and thus turning sparse. The sparse structure may degrade
the performance. Many approaches [2, 38] adapt learning rate in proximal gradient algorithm, which
is a good direction for the future work.

C.3. Proximal Algorithm Finds Structural Sparse Solution Faster

Weight decay will eventually find sparse solution, however with an inordinate number of training
steps as indicate in Fig. 1 (right). Proximal algorithm helps accelerating the training process. To
demonstrate this, we perform experiments on (Task 4), and compare the sparse solution found by 1)
weight decay, 2) proximal algorithm for `2-PATH-NORM ; as well as well-known regularizations that
enforce sparsity in the solution: 3) lasso [35], and 4) group lasso [39]. As the proximal algorithm
operates on each one homogeneous units (instead of weight parameter), in this section we mainly
focus on structural sparsity of the model.

Figure 3: Sparse solution found by 1) weight decay, 2) proximal algorithm for `2-PATH-NORM , 3)
lasso, and 4) group lasso. We highlight the sparse solution of weight decay and kwk2kvk2 proximal
algorithm, which solves the equivalent objective function. However weight decay couldn’t find as
sparse solution as the `2-PATH-NORM proximal.

For each experiments, we first prune the model in each training step (prune one unit if either its
input vector w or output vector v is zeroed out). After training and pruning for 30000 iterations, we
take the model checkpoint from iterations {5000, 10000, · · · , 30000}, set the unit to be inactive if
kwk2kvk2 < 10�5, and then train this sparse model for another 10000 iterations. Since different �
and learning rate may lead to different level of sparsity, we try with learning rate in {0.01, 0.03},
and � 2 {0.0001, 0.001, 0.003, 0.01} for all method.

20

prox gradient best at finding 
sparse and accurate models
       (also more robust to label noise)



What Kinds of Functions Do 
Neural Networks Learn?
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`1 “path-norm”

Shallow Networks and Neural Balance
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Equivalent optimizations:
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weight decay
regularizer



Norm on the Space of Neural Network Functions
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Consider the vector space

F =
n
f : Rd ! R : f(x) =

KX
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j x)+ , wj 2 Rd , vj 2 R
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The path-norm is a norm on F

kfk :=
X

j

|vj |kwjk2
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Completion of F with respect to k ·k is the Banach space of all functions generated
by “infinite-width” neural networks. Each such function f is expressed as an integral
over neurons with respect to a finite measure ⌫

f(x) =

Z

w2Sd�1

(wTx)+ d⌫(w)
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distributional
(second) derivative
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Consider a 3 ReLU neuron network

f(x) = v1 (w1x+ b1)+ + v2 (w2x+ b2)+ + v3 (w3x+ b3)+
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path-norm(f) =
X

|viwi| =
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weak
derivative
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v1w1 + v2w2

Savarese, P., Evron, I., Soudry, D., & Srebro, N. (2019, June). How do infinite width bounded norm 
networks look in function space?. In Conference on Learning Theory (pp. 2667-2690). PMLR.

<latexit sha1_base64="pGygTQ36XQdNc+wh+JriS4wlP1E="></latexit>

Path-Norm Related to Derivatives of f
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more precisely:
second-order
total variation of f ,
denoted by TV2(f)
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equivalent to `1 regularization
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weight decay is gradient of squared `2 regularization
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BV2 is the space of all functions with TV2(f) < 1
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Weight Decay ⌘ TV2(f) Regularization
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equivalent to TV2(f) regularization
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K < n
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Neural Network Representer Theorem (Parhi & N, 2020): For any dataset
{xi, yi} and any lower semicontinous loss function `, there exists a solution to

min
f2BV2

nX

i=1

`(yi, f(xi)) + �TV2(f)

that is a sparse single hidden-layer ReLU neural network

f(x) =
KX

k=1

vk (wkx� bk)+ + w0x+ b0
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ReLU neurons skip connection
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• properties of di↵erential operator D2 := d2

dx2 : Green’s functions are
ReLUs and null space = {linear functions}
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• pseudoinverse (integrating twice)
�
D2

�+
� = ReLU activation function

Zuhovickii ‘48
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• minimizing total variation k⌫kM =
R
d⌫++

R
d⌫� subject to linear constraints

is the measure recovery problem ) solution is sum of Dirac impulses
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• each f 2 BV2 can be expressed in terms of finite measure ⌫
i.e., D2f = ⌫ = ⌫+ � ⌫�
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sparse solution



Non-Uniqueness of Solution
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also a minimum TV2 interpolation
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Representer Theorems for Neural Networks and Ridge Splines

m exactly coincides with the classical notion of a univariate polynomial spline of order m.
We show this in Section 5.1.

We finally remark that when m is even, we have the equality

Rm = cd ⇤
d�1

R �m/2,

by the intertwining relations of the Radon transform and the Laplacian, which we later
discuss in (30). This provides another way to understand how Rm sparsifies ridge splines.
We illustrate this in the m = 2 (i.e., ReLU network) case in Figure 3.
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Figure 3: On the left plot we have a two-dimensional linear ridge spline (single-hidden layer
ReLU network) with 7 neurons. After applying �, we get an “impulse sheet”,
i.e., a mapping of the form x 7! �R(wT

k x � bk), for each neuron, designated by
the black lines in the top down view of the linear ridge spline in the middle plot.
Then, after applying the Radon transform and ramp filter to the middle plot, we
arrive with 7 Dirac impulses in the Radon domain, which are designated by the
dots in the left plot. Just as in Figure 2, we have parameterized the directions in
the Radon domain by ✓ 2 [0,⇡), eliminating the two impulses per neuron we see
in (12).

2.3 Scattered data approximation and neural network training

Since Theorem 1 says that a single-hidden layer neural network as in (10) is a solution to the
continuous-domain inverse problem in (9), we can recast the continuous-domain problem in
(9) as the finite-dimensional neural network training problem

min
✓2⇥

G(Vf✓) + kRm f✓kM(Sd�1⇥R), (14)

so long as the number of neurons K is large enough4 (K � N su�ces, giving insight into
the e�cacy of overparameterization in neural network models), where

f✓(x) :=
KX

k=1

vk ⇢m(wT
k x � bk) + c(x),

4. We characterize what large enough means in Theorem 8.

11

7 ReLU neuron network

Parhi and Nowak

�
2 cd⇤R

Figure 2: On the left plot we have a two-dimensional cubic ridge spline with 7 neurons.
After applying �2, we get an “impulse sheet”, i.e., a mapping of the form x 7!

�R(wT
k x � bk), for each neuron, designated by the black lines in the top down

view of the cubic ridge spline in the middle plot. Then, after applying the Radon
transform and ramp filter to the middle plot, we arrive with 7 Dirac impulses
in the Radon domain, which are designated by the dots in the left plot. We
have parameterized the directions in the Radon domain by ✓ 2 [0,⇡). This
parameterization of the two-dimensional Radon domain is known as a sinogram.
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view of the cubic ridge spline in the middle plot. Then, after applying the Radon
transform and ramp filter to the middle plot, we arrive with 7 Dirac impulses
in the Radon domain, which are designated by the dots in the left plot. We
have parameterized the directions in the Radon domain by ✓ 2 [0,⇡). This
parameterization of the two-dimensional Radon domain is known as a sinogram.

Definition 9 (nonuniform polynomial ridge spline) A function s : Rd
! R (of slow

growth) is said to be a nonuniform polynomial ridge spline of order m if

Rm{s} =
KX

k=1

vk �Pd(· � zk), (12)

10

��⇤d�1R�mf
��
L1 measures sparsity in Radon domain

<latexit sha1_base64="5yxmYFiKYtH4Dwxfnm4Nr/NCe7M="></latexit>

�2f
<latexit sha1_base64="qxgDtmX3VCxNhTniJq5clknceGo="></latexit>

<latexit sha1_base64="IAwUz9zfPD4/1lsGNx483XWKZUI="></latexit>

f

Representer Theorems for Neural Networks and Ridge Splines

m exactly coincides with the classical notion of a univariate polynomial spline of order m.
We show this in Section 5.1.

We finally remark that when m is even, we have the equality

Rm = cd ⇤
d�1

R �m/2,

by the intertwining relations of the Radon transform and the Laplacian, which we later
discuss in (30). This provides another way to understand how Rm sparsifies ridge splines.
We illustrate this in the m = 2 (i.e., ReLU network) case in Figure 3.

x 1

�50

0

50x
2

�50
0

50

�10
0

10

s(x)

�10

0

10

� cd⇤R

Figure 3: On the left plot we have a two-dimensional linear ridge spline (single-hidden layer
ReLU network) with 7 neurons. After applying �, we get an “impulse sheet”,
i.e., a mapping of the form x 7! �R(wT

k x � bk), for each neuron, designated by
the black lines in the top down view of the linear ridge spline in the middle plot.
Then, after applying the Radon transform and ramp filter to the middle plot, we
arrive with 7 Dirac impulses in the Radon domain, which are designated by the
dots in the left plot. Just as in Figure 2, we have parameterized the directions in
the Radon domain by ✓ 2 [0,⇡), eliminating the two impulses per neuron we see
in (12).

2.3 Scattered data approximation and neural network training

Since Theorem 1 says that a single-hidden layer neural network as in (10) is a solution to the
continuous-domain inverse problem in (9), we can recast the continuous-domain problem in
(9) as the finite-dimensional neural network training problem

min
✓2⇥

G(Vf✓) + kRm f✓kM(Sd�1⇥R), (14)

so long as the number of neurons K is large enough4 (K � N su�ces, giving insight into
the e�cacy of overparameterization in neural network models), where

f✓(x) :=
KX

k=1

vk ⇢m(wT
k x � bk) + c(x),

4. We characterize what large enough means in Theorem 8.

11

<latexit sha1_base64="2ss3hjQFX7JKHDnIEMkIeSXI5QI="></latexit>
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R :=

n
f : Rd ! R,
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��
M < 1

o

⇤d�1R = filtered Radon transform

� =
dX

k=1

@2/@x2
k = Laplacian operator

k · kM = total variation norm (in sense of measures)
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Figure 2: On the left plot we have a two-dimensional cubic ridge spline with 7 neurons.
After applying �2, we get an “impulse sheet”, i.e., a mapping of the form x 7!
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k x � bk), for each neuron, designated by the black lines in the top down

view of the cubic ridge spline in the middle plot. Then, after applying the Radon
transform and ramp filter to the middle plot, we arrive with 7 Dirac impulses
in the Radon domain, which are designated by the dots in the left plot. We
have parameterized the directions in the Radon domain by ✓ 2 [0,⇡). This
parameterization of the two-dimensional Radon domain is known as a sinogram.

Definition 9 (nonuniform polynomial ridge spline) A function s : Rd
! R (of slow

growth) is said to be a nonuniform polynomial ridge spline of order m if

Rm{s} =
KX

k=1

vk �Pd(· � zk), (12)

where {vk}
K
k=1 is a sequence of weights and the locations of the Dirac impulses are at zk =

(wk, bk) 2 Pd. The collection {zk}
K
k=1 can be viewed as a collection of a kind of Radon

domain spline knot.

Remark 10 The term ridge spline seems to have been used once before in Klusowski and
Barron (2016a) to refer to a finite-width single-hidden layer neural network, though Klu-
sowski and Barron (2016a) makes no connections to scattered data approximation, which is
the usual setting for splines.

Remark 11 When s takes the form of a single-hidden layer neural network as in (10), (12)
holds. In other words, single-hidden layer neural networks with truncated power function
activation functions are polynomial ridge splines. The way to understand this is that the
atoms of the single-hidden layer neural network as in (1) are “sparsified” by Rm in the
sense that

Rm r
(m)
(w,b) = �Pd(· � (w, b)),

where r
(m)
(w,b)(x) := ⇢m(wTx � b), w 2 Sd�1, b 2 R. We show that this is true in Lemma 31.

In other words, r(m)
(w,b) can be viewed as a kind of translated Green’s function of ⇤d�1

R �m/2,
where the translation is in the Radon domain.

10
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Neural Network Representer Theorem (Parhi & N, 2020): For any dataset
{xi, yi} and any lower semicontinous loss function `, there exists a solution to

min
f2RBV2

nX

i=1

`(yi, f(xi)) + �RTV2(f)

with a representation in the form of a single hidden-layer neural network

f(x) =
KX

k=1

vk (w
T
k x� bk)+ + wT
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(a) True function and data. (b) Thin-plate spline. (c) Shallow ReLU network.

Fig. 2. In (a) we generate noisy samples of a function in both R BV2(B2
1) and Ḣ

2(B2
1). In (b) we fit the data using a thin-plate spline. In (c) we fit the data

with a shallow ReLU network trained with weight decay.
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Fig. 3. In (a) we generate noisy samples of a function in R BV2(B2
1) but not in Ḣ

2(B2
1). In (b) we fit the data using a thin-plate spline. In (c) we fit the

data with a shallow ReLU network trained with weight decay.

linear methods, including kernel methods, cannot. Just as in the
univariate case, as these results are qualitative, we manually
adjusted the regularization parameter � in the experiments in
order to find solutions that visually capture the phenomenon
described above. The code to generate Figs. 2 and 3 is publicly
available7.

Remark 16. We believe that the results of Sections VIII-A
and VIII-B provide compelling evidence that trying to under-
stand neural networks via linearization schemes such as the
neural tangent kernel [44] do not properly capture what neural
networks are actually doing in practice. The key idea being
that neural networks are able to locally adapt to the mixed
variation of the underlying data-generating function.

IX. CONCLUSION

In this paper we studied the problem of estimating an
unknown function defined on a bounded domain ⌦ ⇢ Rd

from R BV2(⌦), the natural function space of shallow ReLU
networks, from noisy samples. We studied the estimators that
correspond to training a shallow ReLU network with weight

7https://github.com/rp/estimation-shallow-relu

decay (or path-norm regularization) to a global minimizer. We
showed that these estimators provide (up to logarithmic factors)
minimax optimal rates of convergence for R BV2(⌦) model
classes. Moreover, these rates were immune to the curse of
dimensionality. We showed that R BV2(⌦) contains highly
isotropically regular functions that belong to the Sobolev space
Hd+1(⌦) as well as anisotropic less regular functions, and
therefore can be viewed as mixed variation spaces, giving
insight into why shallow ReLU network estimators are immune
to the curse of dimensionality. In particular, we quantify
an explicit gap between linear and nonlinear methods and
show that linear methods are suboptimal for estimating or
approximating functions in R BV2(⌦).

There are a number of open questions that may be asked. The
first is regarding the linear minimax rate for R BV2(⌦). In the
univariate case, we know linear minimax rate for BV2[�1, 1],
but we do not know what is the linear minimax rate for
R BV2(⌦), though we conjecture that there is a gap from
the (nonlinear) minimax rate derived in Section VII. Another
is regarding higher-order variants of R BV2(⌦). Our previous
work in [3] also studied the higher-order variants defined on
Rd, R BVm(Rd), where m � 2 is an integer. These higher-

10

(a) True function and data. (b) Thin-plate spline. (c) Shallow ReLU network.

Fig. 2. In (a) we generate noisy samples of a function in both R BV2(B2
1) and Ḣ
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univariate case, as these results are qualitative, we manually
adjusted the regularization parameter � in the experiments in
order to find solutions that visually capture the phenomenon
described above. The code to generate Figs. 2 and 3 is publicly
available7.

Remark 16. We believe that the results of Sections VIII-A
and VIII-B provide compelling evidence that trying to under-
stand neural networks via linearization schemes such as the
neural tangent kernel [44] do not properly capture what neural
networks are actually doing in practice. The key idea being
that neural networks are able to locally adapt to the mixed
variation of the underlying data-generating function.

IX. CONCLUSION

In this paper we studied the problem of estimating an
unknown function defined on a bounded domain ⌦ ⇢ Rd

from R BV2(⌦), the natural function space of shallow ReLU
networks, from noisy samples. We studied the estimators that
correspond to training a shallow ReLU network with weight

7https://github.com/rp/estimation-shallow-relu

decay (or path-norm regularization) to a global minimizer. We
showed that these estimators provide (up to logarithmic factors)
minimax optimal rates of convergence for R BV2(⌦) model
classes. Moreover, these rates were immune to the curse of
dimensionality. We showed that R BV2(⌦) contains highly
isotropically regular functions that belong to the Sobolev space
Hd+1(⌦) as well as anisotropic less regular functions, and
therefore can be viewed as mixed variation spaces, giving
insight into why shallow ReLU network estimators are immune
to the curse of dimensionality. In particular, we quantify
an explicit gap between linear and nonlinear methods and
show that linear methods are suboptimal for estimating or
approximating functions in R BV2(⌦).

There are a number of open questions that may be asked. The
first is regarding the linear minimax rate for R BV2(⌦). In the
univariate case, we know linear minimax rate for BV2[�1, 1],
but we do not know what is the linear minimax rate for
R BV2(⌦), though we conjecture that there is a gap from
the (nonlinear) minimax rate derived in Section VII. Another
is regarding higher-order variants of R BV2(⌦). Our previous
work in [3] also studied the higher-order variants defined on
Rd, R BVm(Rd), where m � 2 is an integer. These higher-
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linear methods cannot adapt to directional smoothness in function/data



Minimax Optimality of ReLU Networks
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Estimating f in this class from n nicely distributed samples on ⌦ ⇢ Rd

Ekf � fmk2L2(⌦) = eO
⇣
m

�(1+3/d) +
m

n

⌘
= eO(n� d+3

2d+3 ) = O(n�1/2)
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Let ⌦ ⇢ Rd be a bounded domain. A function f 2 RBV2(⌦) can be
approximated by a finite-width m ReLU neuron network fm satisfying

kf � fmk2L2 = O
�
m

�(1+3/d)
�

= O
�
m

�1
�
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In contrast, for any linear method (thin-plate spline, RKHS,

neural tangent kernel) the linear minimax rate is n� 3
d+3

Parhi & N, ‘21
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this is the minimax rate for RBV2(⌦)
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Data Fitting and Extrapolation
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weight decay
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neural networks learn and extrapolate very di↵erently than classical
multivariate estimation techniques and kernel methods in general



What Kinds of Functions Do 
Deep Neural Networks Learn?



Vector-Valued Networks
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Global minima of weight decay objective are the same as the constrained `1 regu-
larization
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natural norm for vector-valued neural network functions:
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Vector-Valued Function Spaces

Vector-Valued Variation Spaces and Bounds on Neural Network Widths 
J. Shenouda, R. Parhi, K. Lee, RN (2023)
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continuum width networks:
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finite vector-valued measure
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kfk := k⌫k = total variation of `2-norm of ⌫
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kvjk2 for finite width networks
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weight decay encourages a small norm
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Multilayer Representer Theorem (Parhi & N 2021, Shenouda et al 2023): For any
dataset {xi, yi} and any lower semicontinous loss function `, there exists a solution to

min
f2RBV2

deep

nX

i=1

`(yi, f(xi)) + �RTV2
deep(f)

with a representation in the form of a sparse multilayer ReLU neural network
with < ndl neurons in l-th layer

Deep Representer Theorem
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implication: nonparametric problem reduces to training
multi-layer neural network with weight decay

<latexit sha1_base64="RMbpoy2v52mhuBQZZbs+N0fcgA8="></latexit>

Let RBV2
deep denote space of functions generated by taking

compositions of functions from the vector-valued variation space



The Effect of Weight Decay
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weight decay encourages output functions to “share” neurons
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dense weights
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kfk = O(d)
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sparse weights
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weight decay encourages functions with strong variations
in only a few directions (sparse weights)
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Another Consequence: Tight Bounds on Widths
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consider one ReLU layer within a deep network
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can be a significant improvement on best prior bound of n2 (Jacot et al ’22)
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relevant because in practice the ranks often become small at deeper layers
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Layer Width Theorem : Let� and be matrices composed of the post-activation
features and the outputs of a ReLU layer in a deep net, trained to minimize the
weight decay objective. Then there exists a representation of this layer with K
neurons where K satisfies

K  rank(�)⇥ rank( )  nd
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neuron outputs
� = {�i}ni=1
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Sparsifying Trained Networks
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VGG-19 trained to minimize cross-entropy loss + weight decay on CIFAR10
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d = 10
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final ReLU layer
512 neurons
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Theory: K  rank(�)⇥ rank( ) ⇡ 10 ⇥ 10 neurons are su�cient
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multi-task lasso finds an equivalent solution (wrt training data) with just 47 neurons!



Summary

• Radon-domain bounded variation space
• Banach space, not Hilbert space
• immune to curse-of-dimensionality
• solutions are sparse / narrow
• adaptive to spatial and directional varying smoothness

ReLU neural networks are optimal solutions to data-fitting problems 
in new function spaces:
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Weight Decay is equivalent to “multi-task lasso” regularization and
thus promotes solutions that have strong variation in limited directions
and encourages outputs to share neurons
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