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q?�i Bb MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM\

! h?2 ;Q�H Q7 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM ULJ6V Bb iQ 7�+iQ`Bx2 � /�i� K�i`Bt
s ∈ R/×M

≥y BMiQ � T�B` Q7 HQr@`�MF MQMM2;�iBp2 K�i`B+2b q ∈ R/×` �M/ > ∈ R`×M #v
bQHpBM; i?2 7QHHQrBM; QTiBKBx�iBQM T`Q#H2K

BM7
q∈R/×`

≥y , >∈R`×M
≥y

‖s−q>‖k
6,

r?2`2 ‖�‖k
6 =

∑
B,D �k

BD /2MQi2b i?2 K�i`Bt 6`Q#2MBmb MQ`KX
! .�i� ≈ .B+iBQM�`v× *Q/BM; 
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Online NMF

• Considers data that is streaming in over time
• Learns a factorization that is best (in expectation)
• Can be used for prediction in time series data
• Uses “windows” across time to update factors and then
predicts into a future window using one of the factors
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oCan be extended to tensors in a (nontrivial but) analogous 
way

Non-negative Tensor Factorization (NTF)

27
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�bvKTiQiB+ bQHmiBQM KBMBKBxBM; bm``Q;�i2 HQbb 7mM+iBQM

! J�B`�H- "�+?- SQM+2- �M/ a�TB`Q ;�p2 �M BM~m2MiB�H bQHmiBQM iQ i?2 PLJ6 T`Q#H2K
rBi? � `B;Q`Qmb /2`Bp�iBQM Q7 �HKQbi bm`2 +QMp2`;2M+2 Q7 i?2 2KTB`B+�H HQbb Qp2`
iBK2 7Q` BXBX/X /�i� K�i`B+2bX

! h?2 B/2� Bb iQ bQHp2 i?2 7QHHQrBM; �TT`QtBK�i2 T`Q#H2K

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2 7̂i(q) Bb � +QMp2t mTT2` #QmM/BM; bm``Q;�i2 7Q` 7i(q) /2}M2/ #v

7̂i(q) =
R
i

i∑

b=R
(‖sb −q>b‖k

6 + λ‖>b‖R).

! L�K2Hv- r2 `2+v+H2 i?2 T`2pBQmbHv 7QmM/ +Q/BM; >R, · · · ,>i �M/ mb2 i?2K �b
�TT`QtBK�i2 bQHmiBQMb Q7 i?2 bm#@T`Q#H2KbX >2M+2- i?2`2 Bb QMHv � bBM;H2
QTiBKBx�iBQM 7Q` qi BM i?2 �#Qp2 `2H�t2/ T`Q#H2K
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



>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2 7̂i(q) Bb � +QMp2t mTT2` #QmM/BM; bm``Q;�i2 7Q` 7i(q) /2}M2/ #v
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R
i

i∑

b=R
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6 + λ‖>b‖R).
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! J�B`�H- "�+?- SQM+2- �M/ a�TB`Q ;�p2 �M BM~m2MiB�H bQHmiBQM iQ i?2 PLJ6 T`Q#H2K
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
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
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,
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UBBV HBK bmTi→∞‖∇7(qi)‖QT = y �HKQbi bm`2HvX
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CUR Decomposition

• A ∈ Rd×d ,

• C ∈ Rd×k : k columns of A
• R ∈ Rs×d : s rows of A
• U ∈ Rs×k : the intersection of

C and R

Theorem
If rank(U) = rank(A), then

A = CU†R.
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Question
Can the matrix CUR decomposition be generalized to the
multidimensional data structure (i.e., tensor)?
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Tensor CUR Decompositions

Motivation
Let A ∈ Rd×d with CUR decomposition of A = CU†R. Then
A = CU†R = CU†UU†R = U ×1 (CU†)×2 (RT (UT )†).
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Characterizations of Tensor CUR Decompositions

Theorem (Cai–Hamm–Huang–N, 2021)

(Chidori CUR) Let A ∈ Rd×···×d with rank(A) = (r , . . . , r). Let Ii ⊆ [d ].
Set R = A(I1, · · · , In), Ci = A(i)(:, Ji := ⊗j ̸=i Ij) and Ui = Ci(Ii , :). Then
the following are equivalent:

1 rank(Ui) = r ,
2 A = R×1 (C1U†

1)×2 · · · ×n (CnU†
n)︸ ︷︷ ︸

CUR

,

3 rank(R) = (r , · · · , r),
4 rank(A(i)(Ii , :)) = r for all i ∈ [n].

Moreover, if the above statements hold, then A = A×n
i=1 (CiC

†
i ).

7 / 24
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Characterizations of Tensor CUR Decompositions

Theorem (Cai–Hamm–Huang–N, 2021)

(Fiber CUR): Let A ∈ Rd×···×d with rank(A) = (r , . . . , r). Let Ii ⊆ [d ]
and Ji ⊆ [dn−1]. Set R = A(I1, · · · , In), Ci = A(i)(:, Ji) and
Ui = Ci(Ii , :). Then the following statements are equivalent

1 rank(Ui) = r ,
2 A = R×1 (C1U†

1)×2 · · · ×n (CnU†
n)︸ ︷︷ ︸

CUR

,

3 rank(Ci) = r for all i ∈ [n] and rank(R) = (r , · · · , r),
4 rank(Ci) = r and rank(A(i)(Ii , :)) = r for all i ∈ [n].
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(Thanks Dustin Mixon)
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Mathematics

On the Topic of Topic Modeling

MyLymeData

oLyme disease a vector-borne disease typically transmitted by 
tick or insect bite or blood-blood contact
oSymptoms often mimic those of others, e.g. MS / ALS / 

Parkinsons / FMA … and can become chronic

oCDC estimates 300,000 new diagnoses each year
oLikely a grandiose underestimate

oPoorly understood, poorly funded, poorly diagnosed, poorly 
treated

AMS Hawaii 29



Mathematics

On the Topic of Topic Modeling

Comparisons on Lyme data

The hidden topics here may provide insight on how symptoms  manifest themselves



ONMF for image reconstruction



Mathematics

On the Topic of Topic Modeling

More applications



ONMF as a pattern detection and prediction tool – COVID19



ONMF as a pattern detection and prediction tool – COVID19



Mathematics

On the Topic of Topic Modeling

More applications
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Mathematics

On the Topic of Topic Modeling

More applications



ONTF to learn activation patterns in mouse cortex



Performance of tensor CUR methods





Robustness of tensor CUR methods



Robustness of tensor CUR methods
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