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• Given a universe set    , consider a choice set           . What do you choose?


• Discrete choice: learning distributions over items, for all sets           .   


• Ranking: distributions over permutations of    .

Preferences over sets
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(McFadden, 1974)

(Manski, 1976)
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• Choice systems as mathematical objects.


• The independence of irrelevant alternatives (IIA) in discrete choice.


• Tractable choice models that forego IIA. (ICML 2019)


• Tractable rankings models that forego IIA. (NeurIPS 2020)


• When does data obey IIA? Lower bounds on hypothesis testing. (EC 2019)

Agenda



• Focuses on a peculiar mathematical space, choice systems. 

Probabilistic discrete choice
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• Focuses on a peculiar mathematical space, choice systems. 


• Let         denote the probability of choosing    from    .


• Definition: Conditional choice system (Falmagne, 1978):

Probabilistic discrete choice
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• Focuses on a peculiar mathematical space, choice systems. 


• Let         denote the probability of choosing    from    ,


• Definition: Conditional choice system (Falmagne, 1978):


• Let          denote the probability of choosing from              Features in 
“unconditional choice system”, not part of this talk.

Probabilistic discrete choice
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• Arbitrary choice systems (i.e., McFadden’s universal logit) make no 
assumptions about the relationship between distributions on different sets.


• IIA (Luce, 1959): For every          ,            : 
 
 

• Consequence: the ratio between x and y stays the same, no matter what  
“irrelevant alternatives” you add to the choice set.

Independence of Irrelevant Alternatives (IIA)
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• Arbitrary choice systems (i.e., McFadden’s universal logit) make no 
assumptions about the relationship between distributions on different sets.


• IIA (Luce, 1959): For every          ,            : 
 
 

• Consequence: the ratio between x and y stays the same, no matter what  
“irrelevant alternatives” you add to the choice set.


• Models obeying IIA admit a ratio representation:
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• Assuming IIA     Multinomial Logit (MNL) model of discrete choice: 
 
 
 

• Major workhorse of modern machine learning 


• If                  , linear model 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• Examples where it (arguably) doesn’t hold:

Independence of Irrelevant Alternatives (IIA)

Web browsing  
(Benson-Kumar-Tomkins, 2016)

Search ads  
(Ieong-Mishra-Sheffet 2012, Yin et al. 2014)

Music  
(Debreu, 1960)
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Figure 4: Top: Nest structure for the JAPANESECUISINE
dataset. The tree contains sensible nests such as {sushi, unagi}
and less obvious structure, such as the {teppan grill, monja}
nest. The recovered nested logit model has better likelihood
compared to the multinomial logit model (see Table 5). Bot-
tom: Nest structure for the LASTFMGENRE dataset (leaf node
children of the root are omitted). The names are of the for-
mat genre_position, where position indicates the position in the
sequence of plays. The tree contains several sensible pairings
(e.g., singer-songwriter_1 and alternative_3), but does not im-
prove upon the likelihood of the multinomial logit model.

a likelihood ratio test on two models—a full model that accounts
for all of the variables and a restricted model that only considers
a subset. Small and Hsiao provide a modified version of the Mc-
Fadden test to avoid asymptotic bias towards accepting the null hy-
pothesis [27]. An alternative test proposed by Hausman and Mc-
Fadden [13] uses a Hausman test [14] to compare the estimated
parameters from the full and restricted models. Cheng and Long
survey and empirically evaluate these tests [8].

These tests can be adapted to test whether a nested logit model
satisfies the modified IIA assumptions governed by the nested logit
tree [15]. However, these tests can only reject the validity of a fixed
model. In other words, given a proposed nested logit tree structure,
we can test whether or not the data follows that model. This gives
no meaningful way to construct the nested logit tree, and a model
must be proposed from intuition and then tested. In this work, we
have presented an algorithm to automatically construct the nested
logit tree from data. Other work in this direction includes learning
Markov chain approximations for choice models [4].

There are also several studies of choice models for applications
involving web data. Sheffet et al. predict when the click through
rate of items on an e-commerce web site will change due to changes
in the slate of alternatives displayed on the page [25]. Kumar et al.
frame several user choice inference problems on the web as a prob-
lem of determining transition probabilities in a Markov chain when
given the stationary distribution [17]. In the domain of recom-
mender systems, Yang et al. employ user choice models to improve
the performance of collaborative filtering algorithms [33]. Finally,
through the analysis of map search logs, choice models have been
developed to characterize how users select restaurants [16].

8. DISCUSSION AND CONCLUSIONS
In this paper we study the veracity of the IIA axiom in choice

theory. We develop robust statistical tests for eliciting the presence
of IIA and use it to analyze the prevalence of IIA in several real-
world datasets. For the cases where IIA is violated, as in classical
discrete choice theory, we resort to modeling the choice using a
nested logit model. We develop an efficient algorithm to learn the
tree representing the model by abstracting an oracle that answers
queries about the structure of a tree. Under this oracle, we derived
an optimal algorithm for the recovery of a nested logit tree. Af-
ter recovering the tree structure, learning the remaining parameters
of the model (the edge traversal probabilities) is a simple convex
optimization problem. To our knowledge, this is the first efficient
algorithm for learning a nested discrete choice model.

One crucial component to the robustness of our implementation
of the oracle model was the availability of pairwise comparisons,
i.e., user preferences when presented with a choice set of just two
items. This is an important observation for experimental design
when investigating discrete choice modeling. On the web, where
experiments can be large and served automatically, this observation
is particularly important.

The results of our algorithm on real-world datasets were mixed.
In all cases, the recovered nests made sense in terms of item ex-
changeability; however, likelihood only improved in some of the
datasets. The largest omission from our models is the variance in
per-user preferences. Classical discrete choice models have ad-
dressed this problem theoretically, but the relevant issue is data
sparsity—we do not have many samples for an individual. For
example, the SFWORK dataset only contains one survey response
per person and the JAPANESECUISINE dataset had no information
about the users. One relevant direction for future work is to au-
tomatically cluster users and learn a nested logit model for each
cluster. Alternatively, more sophisticated global models may also
work well. We suspect that existing generalizations of the nested
logit, such as overlapping nests [2, 30], could work well. However,
it is not obvious how our formal results on nest recovery from the
oracle model generalize to these models. This provides an interest-
ing problem for future work.
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In classical discrete choice theory and machine learning with
only a few alternatives and a fixed or lightly-varying choice set
C, the first issue is of minor importance. In contrast, our datasets
involve selections from a large number of alternatives and from
many different choice sets C. Here, we can evaluate the frequency
of IIA violations in terms of pairs over varying choice sets (see
Section 3). To address the second issue, we turn to the nested logit
model, described in the following section. Finally, we deal with
computational issues in constructing the nested logit model, which
arise from the large number of items that appear in choice sets (see
Section 4).

2.3 Nested logit
A natural way to model the restaurant choice example in the prior

section is to group the Japanese and sushi restaurants into a single
category and use a sequential decision process captured by a tree:

Dinner

Japanese

SushiTraditional Japanese

0.5 0.5
Italian

0.5 0.5

The nested logit model, originally introduced by McFadden [21],
encapsulates this process. In the nested logit, the choices are grouped
into nests (clusters) such that IIA holds within a nest but not nec-
essarily between nests. In our example, we have a Japanese nest
consisting of the traditional Japanese and sushi restaurants. Con-
ditioned on choosing between Japanese restaurants, IIA holds, but
sushi and traditional Japanese cannibalize business from one an-
other. We often refer to the traditional Japanese and sushi alterna-
tives as exchangeable.

Formally, the nested logit model is given by a tree T with a des-
ignated root node. Each non-root node i has an associated utility
Vi and edges are traversed from the root with probabilities relative
to eVi .4 Leaf nodes in the tree correspond to items that can appear
in a choice set and internal nodes are nests of a set of items. If the
choice set precludes an edge from traversal, the relative probability
of that decision is set to 0.

Traditionally, the modeler must go through the following itera-
tive process:

1. Specify a tree structure, using domain knowledge.
2. Learn the parameters of the model.
3. Test to see if the model is appropriate.

The number of trees grows exponentially in the number of items
(leaf nodes). In large datasets, there are too many trees to consider,
making this process infeasible. In this work, we solve this problem
by showing how to automatically construct an appropriate model,
i.e., a tree with edge traversal probabilities, essentially eliminating
the need for input and supervision from the modeler.

3. HOW OFTEN IS IIA VIOLATED?
We now explore how often the independence of irrelevant alter-

natives holds in large discrete choice datasets from the Web (de-
scribed in Section 3.2). To accomplish this, we will bring to bear
standard methods in hypothesis testing.
4Technically, this model is called the hierarchical logit [32] and
is slightly more general than the nested logit model derived from
utility maximization. This is appropriate in our case because we
want the most predictive tree while still modeling cannibalization.
However, we will keep the nested logit terminology since it is more
prevalent in the discrete choice literature.

3.1 Statistical tests for IIA violations
We first describe a battery of statistical tests that quantify IIA

violations. All the tests are of the following flavor: under the null
hypothesis that IIA holds, certain random variables should have the
same distribution, which can be checked by statistical tests. The
fact that our datasets comprise a variety of choice sets and alterna-
tives make these tests applicable. Note that even though these tests
are based on established principles in statistics, their application to
checking for IIA violation is new. Before we derive our tests, we
first set up some notation.

We assume our dataset consists of m item selections s1, . . . , sm
from choice sets C1, . . . ,Cm, where sk 2 Ck and Ck is a subset of
the set I of all possible items. For our datasets, it is often the case
that |C| ⌧ |I|, i.e., the choice sets contain just a few of the many
possible items. Finally, let I(·) be the binary indicator function.

We will assume that each choice set appears several times, i.e.,
there are several i for which Ci are the same. Next, let Ni j,C be the
number of times that item i or j is chosen from choice set C and let
Xi j,C  Ni j,C be the number of times that i is chosen, conditioned on
item i or j being selected. Formally,

Ni j,C =

mX

k=1

I(sk 2 {i, j}, Ck = C), Xi j,C =

mX

k=1

I(sk = i, Ck = C).

Let Pi j,C = Xi j,C/Ni j,C be the probability of choosing i over j in
choice set C. Denote byAi j the collection of unique choice sets C
for which item i or j is selected at least once, i.e.,

Ai j = {Ck | sk 2 {i, j}}.
Finally, let Pi j be the overall probability of choosing i over j, i.e.,

Pi j =

P
C2Ai j Xi j,C
P

C2Ai j Ni j,C
.

All of our tests are based on the following simple observation:

OBSERVATION 3.1. Under the null hypothesis that IIA holds
for items i and j, Pi j,C is the same for any C 2 Ai j.

We propose four different translations of this observation to statis-
tical hypothesis tests.
Simultaneous binomial (SB). Our first test is based on interpreting
Xi j,C as a sample from a binomial distribution Binom(Ni j,C , Pi j,C).
Provided we have sufficient data,5 we can use a �2 test on the null
hypothesis that the Pi j,C is the same for all C 2 Ai j, directly using
Observation 3.1:

X

C2Ai j

⇣
Xi j,C � Pi jNi j,C

⌘2

Pi jNi j,C
⇠ �2

|Ai j |�1.

This test gives a way to measure the frequency of IIA violations.
We can fix a significance level ↵ and compute the fraction of pairs
(i, j) for which the p-value of the �2 test statistic is less than ↵.
Multiple sample binomial (MSB). Based again on Observation 3.1,
instead of simultaneously testing over all choice sets, we can in-
stead compare a single choice set C to the rest. For items i and j
and a choice set C 2 Ai j, let Ni j,C and Xi j,C be the occurrence counts
in choice sets other than C:

Ni j,C =

mX

k=1

I(sk 2 {i, j}, Ck , C), Xi j,C =

mX

k=1

I(sk = i, Ck , C).

Let Pi j,C = Xi j,C/Ni j,C . Under the null hypothesis that IIA holds
for items i and j, Observation 3.1 implies Pi j,C = Pi j,C . Thus, we
have samples from two distributions, Xi j,C ⇠ Binom(Pi j,C ,Ni j,C) and
5A common rule of thumb is that Xi j,C and Pi jNi j,C are both at least
5. The �2 test may omit the choice sets C where this is not true
but still include them in the estimate of Pi j. Furthermore, Fisher’s
exact test can be used when the sample sizes are small [11].
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vs.



(        )

1. Random utility model (RUM) with Gumbel noise (Yellot, 1977)


2. Stationary distribution of a Markov chain (Maystre & Grossglauser, 2015)


3. First-order truncation of a Taylor-like expansion of a choice system  
(Batsell & Polking,1985; Seshadri et al. 2019)  
 
 
 
 
 
 
 
 
Each derivation is its own path to a beyond-IIA model of choice.

Three perspectives on IIA, beyond IIA

Markov chains

RU
M

s

Truncation

IIA/MNL

Setting aside  
mixture/nested 
models today.



• For each          , associate a random variable .


• Let  


• Iff  are independent zero-mean Gumbel,                               .  (MNL!) 

Xi = μi + ϵi

ϵ1, …, ϵn

i 2 X
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Pi,C =
exp(μi)

∑j∈C exp(μj)

(1) Random utility models and IIA

Pi,C = Pr(Xi = max
j2C

Xj).
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• For each          , associate a random variable .


• Let  


• Iff  are independent zero-mean Gumbel,                               .  (MNL!) 

• See Falmagne (1978)’s characterization theorem of RUMs. 


• RUMs need not be stochastically transitive! (Makhijani & U, 2019) connects 
transitivity to log-likelihood concavity of item-level parameterizations.

Xi = μi + ϵi

ϵ1, …, ϵn

i 2 X
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Pi,C =
exp(μi)

∑j∈C exp(μj)

(1) Random utility models and IIA

Pi,C = Pr(Xi = max
j2C

Xj).
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• Consider a continuous-time Markov chain defined on    , parameterized by Q.

(2) Choice systems from Markov chains

⇡T

2

4
�
P

i 6=1 q1i q12 q13
q21 �

P
i 6=2 q2i q23

q31 q32 �
P

i 6=3 q3i

3

5 = 0

X
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• Consider a continuous-time Markov chain defined on    , parameterized by Q.


• Define a chain for each subset             by restricting the rate matrix, e.g.:   

• These stationary distributions define a choice system (Ragain & U, 2016)


• See also: (Maystre & Grossglauser, 2015)

⇡T

2

4
�
P

i 6=1 q1i q12 q13
q21 �

P
i 6=2 q2i q23

q31 q32 �
P

i 6=3 q3i

3

5 = 0

⇡T


�q12 q12
q21 �q21

�
= 0

X
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C ✓ X
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(2) Choice systems from Markov chains



• Define item-set utilities                           such that 


• Arbitrary universal logit model: 

u(x|C), 8x 2 C,
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X

y2C

u(y|C) = 0.
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(3) Truncating choice systems

Px,C =
exp(u(x|C))P

y2C exp(u(y|C))
.
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• Define item-set utilities                           such that 


• Arbitrary universal logit model:  

• Item-set utilities can be uniquely* expanded as (Batsell & Polking, 1985): 

u(x|C), 8x 2 C,
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X

y2C

u(y|C) = 0.
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(3) Truncating choice systems

Px,C =
exp(u(x|C))P

y2C exp(u(y|C))
.
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*with constraints, not shown.

u(x|C) = v(x)|{z}
1st order

+
X

{y}2C\x

v(x|{y})

| {z }
2nd order

+
X

{y,z}✓C\x

v(x|{y, z})

| {z }
3rd order

+ . . .+ v(x|C \ {x})| {z }
|C|th order
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• Call  order model . Notice that .pth ℳp ℳ1 ⊂ ℳ2 ⊂ … ⊂ ℳn−1

(3) Truncating choice systems
u(x|C) = v(x)|{z}

1st order

+
X

{y}2C\x

v(x|{y})

| {z }
2nd order

+
X

{y,z}✓C\x

v(x|{y, z})

| {z }
3rd order

+ . . .+ v(x|C \ {x})| {z }
|C|th order
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• Call  order model . Notice that .pth ℳp ℳ1 ⊂ ℳ2 ⊂ … ⊂ ℳn−1

(3) Truncating choice systems

MNL/IIA Universal logit
?

u(x|C) = v(x)|{z}
1st order

+
X

{y}2C\x

v(x|{y})

| {z }
2nd order

+
X

{y,z}✓C\x

v(x|{y, z})

| {z }
3rd order

+ . . .+ v(x|C \ {x})| {z }
|C|th order
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• For , after manipulations, choice probabilities can be written as:


• Assumes “Pairwise Linear Dependence of Alternatives”


• Negative log likelihood is convex in parameters ! 

ℳ2

U

Context-dependent utility model

Px,C =
exp(

P
z2C\x uxz)P

z2C exp(
P

z2C\y uyz)
.
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• For , after manipulations, choice probabilities can be written as:


• Assumes “Pairwise Linear Dependence of Alternatives”


• Negative log likelihood is convex in parameters !


• Can be made low-rank (non-convex), essentially a matrix factorization loss:

ℳ2

U

Context-dependent utility model

Px,C =
exp(

P
z2C\x uxz)P

z2C exp(
P

z2C\y uyz)
.
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Px,C =
exp(

P
z2C\x c

T
z tx)P

z2C exp(
P

z2C\y c
T
z ty)

.
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• Identifiability conditions in choice models are combinatorial (Ford 1957).


• Batsell & Polking used least squares (cleverly!), not MLE.


• Under mild regularity conditions, we show 
 
 
 
where  is the number of items,  the size of the data,  
and     a random dataset generated under the model.


• Here                 is the second smallest eigenvalue of a Laplacian-like matrix. 
For pairwise comparisons: Laplacian of comparison graph (Shah et al. 2016). 

n m

Structure-dependent convergence rate

E[||ûMLE(D)� u⇤||22] 
c

�2(L(D))

n(n� 1)

m
.
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• Convergence result is for full-rank case; bound still applies when low-rank.


• Analysis also applies to Blade-Chest model (Chen & Joachims, 2016a,b) and 
many word2vec-type models (Mikolov et al., 2013).


• For word2vec, the likelihood objective is typically approximated by 
“negative sampling” the choice set, also changes the objective.


• Recent related work: 

• Extension to “salient” features (Bower & Balzano, 2020).


• Promoting a particular choice (Tomlinson & Benson, 2020).

Broader implications



CDM empirical results
• Predicting transportation choices (Koppelman & Bhat, 2006) with the CDM:



Low-rank factorization of U: embeddings
• “One of these things is not like the other…” triplets (Heikinheimo & Ukkonen, 2013)



Ranking as choice
• Plackett-Luce: distributions over Sn as “repeated MNL choice”:


• See also: Mallows, mixtures of Mallows/PL.


• What happens if we replace MNL with CDM?

Pr[⇡ = 123 · · ·n] =
nY

i=1

exp(ui)Pn
j=i exp(uj)
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Ranking distributions
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Figure 1: A synthetic multimodal distribution on the canonical Cayley graph of S5 and the maximum
likelihood estimates from the Plackett-Luce, Mallows, and full-rank CRS model classes.

Mallows and Plackett-Luce maximum likelihood estimates, as well the maximum likelihood estimate
of the model we introduce in this work, the contextual repeated selection (CRS) model.

An important tool for the modelling approach in this work is the transformations of rankings into
choice data, where we can then employ tractable choice models to create choice-based models
of ranking data. Building on the ranking literature on L-decomposable distributions [14], we
conceptualize rankings as arising from a “top-down” sequence of choices, allowing us to create
novel ranking models from recently introduced choice models. Both Plackett-Luce and Mallows
models can be described as arising from such a top-down choice process [18]. We term this generic
decomposition repeated selection. Estimating such ranking models reduces to estimating choice
models on choice data implied by the ranking data, making model inference tractable whenever the
underlying choice model inference is tractable.

Our contextual repeated selection (CRS) model arises from applying the recently introduced context-
dependent utility model (CDM) [48] to choices arising from repeated selection. The CDM model is a
modern recasting of a choice model due to Batsell and Polking [6], an embedding model of choice
data similar to popular embedding approaches [38, 42, 47]. By decomposing a ranking into a series
of repeated choices and applying the CDM, we obtain ranking models that are straightforward to
estimate, with provable estimation guarantees inherited from the CDM.

Our theoretical analysis of the CRS ranking model builds on recent work giving structure-dependent
finite-sample risk bounds for the maximum likelihood estimator of the MNL [49] and CDM [48]
choice models. As a foundation for our eventual analysis of the CRS model, we improve and
generalize several existing results for the MNL choice, CDM choice, and PL ranking models. Our
work all but completes the theory of maximum likelihood estimation for the MNL and PL models,
with expected risk and tail bounds that match known lower bounds. The tail bounds stem from a
new Hanson-Wright-type tail inequality for random quadratic forms [25, 27, 46] with block structure
(see Appendix, Lemma 3), itself of potential stand-alone interest. Our tight analysis of the PL tail
and expected risk stems from a careful spectral analysis of the (random) Plackett-Luce comparison
Laplacian that arises when ranking data is viewed as choice data (see Appendix, Lemma 4).

Our empirical evaluations focus both on predicting out-of-sample rankings as well as predicting
sequential entries of rankings as the top entries are revealed. We find that the flexible CRS model
we introduce in this work achieves significantly higher out-of-sample likelihood, compared to the
PL and Mallows models, across a wide range of applications including ranked choice voting from
elections, sushi preferences, Nascar race results, and search engine results. By decomposing the
performance to positions in a ranking, we find that while our new model performs similarly to PL on
predicting the top entry of a ranking, our model is much better to predict subsequent top entries. Our
investigation demonstrates the broad efficacy of our approach across applications as well as dataset
characteristics: these datasets differ greatly in size, number of alternatives, how many rankings each
alternative appears in, and uniformity of the ranking length.

Other related work. There is an extensive body of work on modeling and learning distributions
over the space of rankings, and we do not attempt a complete review here. Early multimodal ranking
distributions include Thurstone’s Case II model with correlated noise [51] from the 1920’s and
Babington Smith’s model [50] from the 1950’s, though both are intractable [21, 35]. Mixtures of
unimodal models have been the most practical approach to multimodality to date [3, 13, 22, 31, 39,
41, 53], but are typically bogged down by expectation maximization (EM) or other difficulties.

Our approach of connecting rankings to choices is not new; repeated selection was first used to
connect the MNL model of choice to the PL model of rankings [43]. Choice-based representations

2

• Contextual repeated selection (CRS) can represent rich, multi-modal 
distributions with the same learning efficiency/guarantees as CDM choice.  



Ranking MLE from data
• Similar to choice result, expected risk bound, with    rankings of length n:


• Notice second eigenvalue can be bounded absolutely.

`
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• Similar to choice result, expected risk bound, with    rankings of length n:


• Notice second eigenvalue can be bounded absolutely.


• Paper also has tail bounds (not just expected risk).


• Paper also sharpens convergence analysis of vanilla MNL, Plackett-Luce (!)

`
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Ranking MLE from data



Testing IIA



Why is testing IIA hard?
• Anna Karenina Principle of high-dimensional  

hypothesis testing: “all nulls are alike; deviations 
from the null all deviate in their own way.”


• Applied to IIA: there are only a few ways to be  
“rational,”  there are a many unique ways that  
people can be “irrational.”


• Follows the burst of work on finite-sample  
lower bounds on testing:  
 
(Paninski 2008; Wei & Wainwright 2016;  
Valiant & Valiant 2017; Daskalakis, Kamath,  
Wright 2018; Balakrishnan & Wasserman 2018).



Separation and “orthogonal” perturbations

→

• Begin with the basic formula for lower bounds on minimax risk (and testing): 


• Define separation (TV distance).


• Simplify to testing uniform choice system  vs. composite of other 
distributions perturbed out of the space of IIA.

p0



Structure-dependent lower bounds
• In a strict sense, if data doesn’t contain choices from every 

subset, the full implications of IIA can’t be tested.


• Instead: let    be the set of subsets being compared.


• Example:  

C

<latexit sha1_base64="k6PIk/7tjDitYKt5qdFIg9LDLGI=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIostCN11WsA9sh3InzbShmcyQZIRS+hduXCji1r9x59+YaWehrQcCh3PuJeeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY1DO/88SU5rF8MNOE+RGOJA85RWOlx36EZkxRkPqgXHGr7gJknXg5qUCO5qD81R/GNI2YNFSg1j3PTYw/Q2U4FWxe6qeaJUgnOGI9SyVGTPuzReI5ubDKkISxsk8aslB/b8ww0noaBXYyS6hXvUz8z+ulJrzzZ1wmqWGSLj8KU0FMTLLzyZArRo2YWoJUcZuV0DEqpMaWVLIleKsnr5P2VdW7rt7cX1dqjbyOIpzBOVyCB7dQgwY0oQUUJDzDK7w52nlx3p2P5WjByXdO4Q+czx8HCpCF</latexit>

X = {1, 2, 3, 4}
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Structure-dependent lower bounds
• In a strict sense, if data doesn’t contain choices from every 

subset, the full implications of IIA can’t be tested.


• Instead: let    be the set of subsets being compared.


• Example:  
 
 
 

• Consider: bipartite comparison incidence graph                        :

C
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X = {1, 2, 3, 4}
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Constructing perturbations
• Starting at uniform, want perturbations out of 

IIA space that all still project back onto uniform.


• Want as many perturbations as possible. 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• Starting at uniform, want perturbations out of 
IIA space that all still project back onto uniform.


• Want as many perturbations as possible.


• Sketch of construction:


• Need sets to maintain their frequency,  
items to maintain their choice frequency.


• Seek perturbations of parameters that keep overall  
item probabilities fixed, set probabilities fixed.


• Seek a cycle decomposition of                         into many cycles! 
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GC = (X , C, E)
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Constructing perturbations



Structure-dependent lower bounds
• Let  and  be properties of some cycle decomposition 

 of                         . Then for  choices:   


•  means lower bound has fallen away.


• No upper bounds, no tests analyzed. 

μ(σ) α(σ)
σ N

RN,δ ≥ 0
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Table 1. Lower bounds on the minimax risk RN ,� of the IIA testing problem, as de�ned in (2),
and lower bounds on the scaling rates of the associated testing radius �N and sample complexity
N� . For a given collection C, n is the number of items in the choice problem, N is the number of
samples, d =

Õ
C 2C |C |, and � is any cycle decomposition of the comparison incidence graph GC .

Di�erent assumptions about the structure of C invite di�erent guaranteed properties of some cycle
decomposition � ; thus the di�erent bounds re�ect di�erences in d but also di�erences in guarantees
about µ(� ) and �(� ) for some � .
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comparisons), both µ(� ) and �(� ) can be set to constants independent of other problem parameters
(and then incorporated into a constant c).

We will further show, through an extremal analysis, that µ(� ) and �(� ) are at most 2n for any
comparison incidence graph, and approximately c log(n) for su�ciently dense comparison incidence
graphs, where n is the number of alternatives and c a constant. This analysis yields a global lower
bound on the minimax risk, one we state as a corollary to the main theorem in Section 6, that
replaces µ(� ) and �(� ) in the risk lower bounds with expressions only in terms of n and d .

Although ourmain lower bound broadly addresses the question of testing IIA for a given collection
C, IIA is often de�ned in the discrete choice literature as a single property of the complete choice
system of n items. By this de�nition, any true test of IIA must encompass all subsets of an item
universe, a setting where d = n2n�1. For this case, we obtain the following bound, derived in
Section 7:
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The sample complexity demonstrates that testing IIA, when treated as a general property of a
choice system, requires at least samples exponential in the number of items n. We can thus conclude
that testing IIA, when treated as a property of a complete choice system, is hopelessly intractable
for large collections.
As stated earlier, the �exibility of our main lower bound allows for more re�ned analyses for

speci�c collections C, and yields room for optimism (that there may exist reasonably e�cient tests)
in a variety of special cases. Table 1 shows the speci�c lower bound for the “all subsets” setting, in
addition to highlighting these special cases where alternative arguments about µ(� )4�(� ) can be
applied to the general bound. Section 7 gives a detailed derivation and discussion of these settings.

4 TESTING RELAXATION
Rather than directly considering the IIA test stated in (2), we will now take two concrete steps to
introduce an analytically simpler test that is not statistically harder than the IIA test. By lower
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• Choice systems are beautiful things.


• Doors have recently opened to introduce and analyze tractable models 
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Figure 1: A synthetic multimodal distribution on the canonical Cayley graph of S5 and the maximum
likelihood estimates from the Plackett-Luce, Mallows, and full-rank CRS model classes.

Mallows and Plackett-Luce maximum likelihood estimates, as well the maximum likelihood estimate
of the model we introduce in this work, the contextual repeated selection (CRS) model.

An important tool for the modelling approach in this work is the transformations of rankings into
choice data, where we can then employ tractable choice models to create choice-based models
of ranking data. Building on the ranking literature on L-decomposable distributions [14], we
conceptualize rankings as arising from a “top-down” sequence of choices, allowing us to create
novel ranking models from recently introduced choice models. Both Plackett-Luce and Mallows
models can be described as arising from such a top-down choice process [18]. We term this generic
decomposition repeated selection. Estimating such ranking models reduces to estimating choice
models on choice data implied by the ranking data, making model inference tractable whenever the
underlying choice model inference is tractable.

Our contextual repeated selection (CRS) model arises from applying the recently introduced context-
dependent utility model (CDM) [48] to choices arising from repeated selection. The CDM model is a
modern recasting of a choice model due to Batsell and Polking [6], an embedding model of choice
data similar to popular embedding approaches [38, 42, 47]. By decomposing a ranking into a series
of repeated choices and applying the CDM, we obtain ranking models that are straightforward to
estimate, with provable estimation guarantees inherited from the CDM.

Our theoretical analysis of the CRS ranking model builds on recent work giving structure-dependent
finite-sample risk bounds for the maximum likelihood estimator of the MNL [49] and CDM [48]
choice models. As a foundation for our eventual analysis of the CRS model, we improve and
generalize several existing results for the MNL choice, CDM choice, and PL ranking models. Our
work all but completes the theory of maximum likelihood estimation for the MNL and PL models,
with expected risk and tail bounds that match known lower bounds. The tail bounds stem from a
new Hanson-Wright-type tail inequality for random quadratic forms [25, 27, 46] with block structure
(see Appendix, Lemma 3), itself of potential stand-alone interest. Our tight analysis of the PL tail
and expected risk stems from a careful spectral analysis of the (random) Plackett-Luce comparison
Laplacian that arises when ranking data is viewed as choice data (see Appendix, Lemma 4).

Our empirical evaluations focus both on predicting out-of-sample rankings as well as predicting
sequential entries of rankings as the top entries are revealed. We find that the flexible CRS model
we introduce in this work achieves significantly higher out-of-sample likelihood, compared to the
PL and Mallows models, across a wide range of applications including ranked choice voting from
elections, sushi preferences, Nascar race results, and search engine results. By decomposing the
performance to positions in a ranking, we find that while our new model performs similarly to PL on
predicting the top entry of a ranking, our model is much better to predict subsequent top entries. Our
investigation demonstrates the broad efficacy of our approach across applications as well as dataset
characteristics: these datasets differ greatly in size, number of alternatives, how many rankings each
alternative appears in, and uniformity of the ranking length.

Other related work. There is an extensive body of work on modeling and learning distributions
over the space of rankings, and we do not attempt a complete review here. Early multimodal ranking
distributions include Thurstone’s Case II model with correlated noise [51] from the 1920’s and
Babington Smith’s model [50] from the 1950’s, though both are intractable [21, 35]. Mixtures of
unimodal models have been the most practical approach to multimodality to date [3, 13, 22, 31, 39,
41, 53], but are typically bogged down by expectation maximization (EM) or other difficulties.

Our approach of connecting rankings to choices is not new; repeated selection was first used to
connect the MNL model of choice to the PL model of rankings [43]. Choice-based representations
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ABSTRACT
Many prediction problems on social networks, from recommenda-
tions to anomaly detection, can be approached by modeling net-
work data as a sequence of relational events and then leveraging
the resulting model for prediction. Conditional logit models of dis-
crete choice are a natural approach to modeling relational events
as “choices” in a framework that envelops and extends many long-
studied models of network formation. The conditional logit model
is simplistic, but it is particularly attractive because it allows for
e�cient consistent likelihood maximization via negative sampling,
something that isn’t true for mixed logit and many other richer
models. The value of negative sampling is particularly pronounced
because choice sets in relational data are often enormous.

Given the importance of negative sampling, in this work we
introduce a model simpli�cation technique for mixed logit models
that we call “de-mixing”, whereby standard mixture models of net-
work formation—particularly models that mix local and global link
formation—are reformulated to operate their modes over disjoint
choice sets. This reformulation reduces mixed logit models to con-
ditional logit models, opening the door to negative sampling while
also circumventing other standard challenges with maximizing
mixture model likelihoods. To further improve scalability, we also
study importance sampling for more e�ciently selecting negative
samples, �nding that it can greatly speed up inference in both stan-
dard and de-mixed models. Together, these steps make it possible
to much more realistically model network formation in very large
graphs. We illustrate the relative gains of our improvements on
synthetic datasets with known ground truth as well as a large-scale
dataset of public transactions on the Venmo platform.

1 INTRODUCTION
Many modern challenges in mining social data can be cast as mod-
eling the likelihood of edges or events between nodes. Link predic-
tion, the problem of who to recommend a user to friend or connect
with [26], is well-addressed by statistical approaches [13]. Anomaly
detection, �nding outliers in relational data to identify fraudulent
activity [34], is well-addressed by identifying low-probability events
under a statistical model [3]. Recommendation systems examine fre-
quent relationships in a bipartite graph between users and items [1],
where model-based approaches again can be highly e�ective and
e�cient. Across these problems there is a common language of
relational events, which are events involving two or more1 units,
viewed as nodes in a graph where events connect these units by
edges. Persistent events form static graphs, while transient events
(such as in communication, transaction, or consumption data) form

1In this work we focus on binary relational events, but recent work extends choice
models to hypergraphs to model relations between sets of nodes [7, 8]

FoFs
Rest

Friends

Figure 1: Illustration of a choice process in a small network.
The ego chooseswho to interact with, where di�erent choice
models may apply to friends, friends-of-friends, and others.

dynamic graphs. Relational event modeling can thus be applied to
a large number of data mining applications.

Discrete choice modeling provides a natural framework for mod-
eling relational events [10, 41]. Each event is viewed as a choice
made by one node to involve another node, and modeled based on
features of all the alternatives (see Figure 1). The conditional logit
model of relational events subsumes and extends many existing
models of network formation, such as preferential attachment and
triadic closure [35]. Yet in network analysis, the ability to work
with large datasets is a major concern, where modeling relational
events as choices raises both practical and conceptual issues.

The �rst set of issues pertains to the scale of the data. For a graph
containing n nodes, when the originator of the choice is known
then every event represents a choice with O(n) alternatives. For
large and sparse graphs, the large slates of potential alternatives
makes direct inference intractable. Existing frameworks for model-
ing network formation with a logit model, such as SAOMs [40] and
REMs [10], are severely restricted in the size of the data they can
directly handle [23]. Critically, however, under the conditional logit
model the non-chosen alternatives can be sampled via a procedure
commonly called “negative sampling” which produces estimates
that are consistent for the estimates on the full data [29, 44].
Availability, mixing, and de-mixing. Another issue with ap-
plying the conditional logit model to large graph datasets is the
availability assumption that the chooser is a rational actor who
has complete information about their available options and their
features. This assumption is obviously not realistic in large social
networks, where nodes are generally not aware of the network at
large and act mostly within their local social neighborhood.2 At
the same time, in most social networks some edges happen outside
the direct social neighborhood [16, 49], which suggests the use
of mixture models, mixing local and global processes [16, 19, 21].
From a discrete choice viewpoint, these approaches specify mixed
logit models [35].
2This relates to the opportunity structure and in�uences observed phenomena like
homophily and triadic closure [16, 20, 30].
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