
Bayesian Optimization and Gaussian Processes

Liang DING

Sept 4, 2020

Texas A&M



Gaussian Process (GP)



Gaussian Process

• Generalization of multivariate normal distribution
• (M(x1), . . . ,M(xn)) is multivariate normal

• Completely characterized by covariance function k(x , y)
• Unknown function surface is viewed as a GP realization

Z(x) = µ(x)︸︷︷︸
mean

+M(x)︸ ︷︷ ︸
GP

+ ε(x)︸︷︷︸
noise

, x ∈ X ⊆ Rd
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GPML toolbox

• Download GPML (Rasmussen and Williams) toolbox at:
www.gaussianprocess.org/gpml/code/matlab/doc/

• Run startup in Matlab command window to setup

• GPML toolbox is simple, there is only one single function to
call – the gp function

1 f u n c t i o n [ v a r a r g ou t ] = gp ( hyp , i n f , mean , cov , l i k , x , y , xs , y s )
2
3 % Two modes a r e p o s s i b l e : t r a i n i n g or p r e d i c t i o n : i f no t e s t c a s e s a r e
4 % supp l i e d , then the n e g a t i v e l o g ma rg i na l l i k e l i h o o d and i t s p a r t i a l
5 % d e r i v a t i v e s w. r . t . the hype rpa ramet e r s i s computed ; t h i s mode i s used to f i t
6 % the hype rpa ramet e r s . I f t e s t c a s e s a r e g iven , then the t e s t s e t p r e d i c t i v e
7 % p r o b a b i l i t i e s a r e r e t u r n e d . Usage :
8 %
9 % t r a i n i n g : [ n lZ dnlZ ] = gp ( hyp , i n f , mean , cov , l i k , x , y ) ;

10 % p r e d i c t i o n : [ ymu ys2 fmu f s 2 ] = gp ( hyp , i n f , mean , cov , l i k , x , y , x s ) ;
11 % or : [ ymu ys2 fmu f s 2 l p ] = gp ( hyp , i n f , mean , cov , l i k , x , y , xs , y s ) ;
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The gp function – argument

• hyp: a struct with the fields mean, cov and lik to specify the
their hyperparameters respectively

• inf: inference methods specify how to compute the posterior
(we use regression with Gaussian likelihood @infGaussLik)

• mean: mean function µ(x)

• cov: covariance function k(x , y)

• lik: likelihood function specifies the probability of the
observations given the GP (we use the Gaussian likelihood)

• x: training inputs

• y: (noisy) training target

• xs: test input

• ys: test target
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The gp function – output

• nlz: negative log marginal likelihood

• dnlz: a struct for the partial derivatives of nlz wrt the
hyperparameters

• ymu: test output mean (data mean)

• ys2: test output variance (data variance)

• fmu: latent GP mean

• fs2: latent GP variance

• lp: log predictive probabilities.
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Demo

Script for an example:
1 x = gpml_randn ( 0 . 8 , 20 , 1) ; % 20 t r a i n i n g i n p u t s
2 y = s i n (3∗ x ) + 0.1∗ gpml_randn ( 0 . 9 , 20 , 1) ; % 20 no i s y t r a i n i n g t a r g e t s
3 xs = l i n s p a c e (−3, 3 , 61) ’ ; % 61 t e s t i n p u t s
4
5 % Sp e c i f y the mean , c o v a r i a n c e and l i k e l i h o o d f u n c t i o n s
6 meanfunc = [ ] ; % empty : don ’ t use a mean f u n c t i o n
7 cov func = @covSEiso ; % Squared Exponenta l c o v a r i a n c e f u n c t i o n
8 l i k f u n c = @ l i kGaus s ; % Gauss i an l i k e l i h o o d
9

10 % I n i t i a l i z e the hype rpa ramete r s t r u c t
11 hyp = s t r u c t ( ’mean ’ , [ ] , ’ cov ’ , [ 0 0 ] , ’ l i k ’ , −1) ;
12
13 % I f hype rpa ramet e r s a r e not known a p r i o r i , we can s e t hype rpa r amete r s by
14 % op t im i z i n g the ( l o g ) ma rg i na l l i k e l i h o o d :
15 hyp2 = min imize ( hyp , @gp , −100, @ in fGaus sL ik , meanfunc , covfunc , l i k f u n c , x , y ) ;
16
17 % Make P r e d i c t i o n :
18 [mu s2 ] = gp ( hyp2 , @ in fGaus sL ik , meanfunc , covfunc , l i k f u n c , x , y , x s ) ;
19
20 % Make P lo t :
21 f = [mu+2∗ s q r t ( s2 ) ; f l i p d i m (mu−2∗s q r t ( s2 ) ,1 ) ] ;
22 f i l l ( [ x s ; f l i p d i m ( xs , 1 ) ] , f , [ 7 7 7 ] /8 )
23 ho ld on ; p l o t ( xs , mu) ; p l o t ( x , y , ’+ ’ )
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Demo
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Experimental Design



Why Experimental Design

• Experiments with controllable input and physical response

• View the true response as a GP realization

• Experimental design improves overall prediction accuracy

• Good vs Bad:
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Full Grid

• Make observations on equally spaced points:
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• Advantage: computationally efficient (fast)

• Disadvantage: poor performance when input dimension is high
(grid point number grows exponentially)
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Full Grid

• Use kernel function of the form k(x , y) =
∏d

j=1 kj(xj , yj)

• covariance matrix is the Kronecker product K =
⊗d

j=1 Kd

• Create full grid using GPML toolbox:
1 % A [−2 ,2] x [−3 ,3] f u l l g r i d w i th 120∗130 p i x e l s
2 x1 = l i n s p a c e (−2 ,2 ,120) ; x2 = l i n s p a c e (−3 ,3 ,130) ;
3 x = apxGr id ( ’ expand ’ ,{ x1 ’ , x2 ’ } ) ; %15600

t r a i n i n g i n p u t s
4 y = s i n ( x ( : , 2 ) ) + x ( : , 1 ) + 0.1∗ gpml_randn ( 1 , [ s i z e ( x , 1 ) , 1 ] ) ; %15600 no i s y

t r a i n i n g t r a g e t s
5
6 % A [−4 ,4] x [−6 ,6] f u l l g r i d to s e e the r e s u l t o f the e x t r a p o l a t i o n
7 xs1 = l i n s p a c e (−4 ,4 ,100) ; xs2 = l i n s p a c e (−6 ,6 ,110) ;
8 xs = apxGr id ( ’ expand ’ ,{ xs1 ’ , xs2 ’ } ) ; %11000 t e s t p o i n t s
9

10 % Crea te a f u l l g r i d c o v e r s both t r a i n i n g data x and the t e s t data xs
11 xg = apxGr id ( ’ c r e a t e ’ , [ x ; x s ] , t rue , [ 5 0 , 7 0 ] ) ;
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Full Grid

• search hyperparameters and make prediction:
1 % Hyperparameter o p t im i s a t i o n wi th s p e c i f i e d maximum number o f i t e r a t i o n s
2 % and the conve rgence t h r e s h o l d
3 opt . cg_maxit = 200 ; %s e t maximum number o f i t e r a t i o n s
4 opt . cg_to l = 5e−3; %s e t conve rgence t h e r e s h o l d
5 i n f g = @( v a r a r g i n ) i n fG a u s s L i k ( v a r a r g i n { : } , opt ) ;
6 hyp = min imize ( hyp , @gp,−50 , i n f g , [ ] , covg , [ ] , x , y ) ;
7
8 % Compute p r e d i c t i o n s
9 [ post , nlZ , dnlZ ] = i n f G r i d ( hyp , { @meanZero } , covg , { @ l i kGau s s } , x , y , opt ) ;

10 [ fm , f s2 , ym , ys2 ] = pos t . p r e d i c t ( xs ) ;
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SG & LHD

• SG & LHD no as fast as FG but accurate
• Latin Hypercube Design: lhsdesign (Matlab function)
• function to generate d-dimensional LHD of n points:

lhsdesign(n,d)

• Download Matlab sparse grid package (Plumlee) at
https://www.mathworks.com/matlabcentral/
fileexchange/45668-sparse-grid-designs
• function to generate d-dimensional SG of level n:
1 f u n c t i o n sg = gensg (n , d , v a r a r g i n )
2 % GENSG Crea te a Spa r se Gr id Des ign
3 %
4 % sg=gensg (n , d ) r e t u r n s a s t r u c t u r e t ha t c o n s t a i n s i n f o rma t i o n about a d
5 % demens iona l s p a r s e g r i d d e s i g n wi th l e v e l o f c o n s t r c u t i o n n .
6 % The component d e s i g n s a r e p r echosen i n an ad−hoc manor .
7 % sg = gensg (n , d ,X) does the same op e r a t i o n u s i n g component d e s i g n s i n
8 % the s t r u c t u r e o f d i f f e r e n t s i z e d v e c t o r s X o f s i z e d x k ( k>n−d+1) where

X{ i +1, j } must c on t a i n X{ i , j } .
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Sparse Grid & LHD

• A 10-dimensional example:
1 % Genera te a 10−d s p a r s e g r i d o f l e v e l 3
2 x=gensg (13 ,10) ; x=x . d e s i g n ; %2001 t r a i n i n g i n p u t s
3 % or x=l h s d e s i g n (n , d ) %a LHD of n d−d imen s i o n a l sample p o i n t s
4 y = sum( s i n ( p i∗x ) ,2 ) +.1∗gpml_randn ( 0 . 9 , 2001 , 1) ; %2001 no i s y t r a i n i n g

t a r g e t s
5
6 % A 2−d f u l l g r i d p r o j e c t i o n to s e e the r e s u l t
7 xs1 = l i n s p a c e (0 , 1 , 100 ) ; xs2 = l i n s p a c e (0 , 1 , 100 ) ;
8 xs = [ apxGr id ( ’ expand ’ ,{ xs1 ’ , xs2 ’ } ) .5∗ ones (10000 ,8) ] ; %10000 t e s t p o i n t s
9

10
11 meanfunc = [ ] ; % empty : don ’ t use a mean f u n c t i o n
12 cov func = @covSEiso ; % Squared Exponenta l c o v a r i a n c e f u n c t i o n
13 l i k f u n c = @ l i kGaus s ; % Gauss i an l i k e l i h o o d
14
15 % I n i t i a l i z e the hype rpa ramete r s t r u c t
16 hyp = s t r u c t ( ’mean ’ , [ ] , ’ cov ’ , z e r o s (2 , 1 ) , ’ l i k ’ , −1) ;
17
18 % Opt im i z i ng the ( l o g ) ma rg i na l l i k e l i h o o d :
19 hyp2 = min imize ( hyp , @gp , −100, @ in fGaus sL ik , meanfunc , covfunc , l i k f u n c ,

x , y ) ;
20
21 % Make p r e d i c t i o n
22 [mu s2 ] = gp ( hyp2 , @ in fGaus sL ik , meanfunc , covfunc , l i k f u n c , x , y , x s ) ;
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SG & LHD

• 2-d projection of the prediction and the true function:
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Bayesian Optimization



Bayesopt

• bayesopt: attempts to find values of vars that minimize the
target function

result = bayesopt(fun,vars)

• fun: function target function (function handle)

• vars: created by Matlab function optimizableVariable with
the specified name and range of values:

vars = optimizableVariable(Name,Range))

• result: an object contains the result of bayesopt
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Bayesopt

• A toy example:
1 x= o p t im i z a b l e V a r i a b l e ( ’ x ’ , [ 0 , 1 ] ) ;
2 f unc=@( x ) s i n (2∗ p i ∗x . x ) ;
3 r e s u l t=bayesopt ( func , x ) ;
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More Details

• Acquisition Function (way of sampling):
1. ’expected-improvement-per-second1-plus2’ (default)
2. ’expected-improvement’
3. ’expected-improvement-plus’
4. ’expected-improvement-per-second’
5. ’lower-confidence-bound’
6. ’probability-of-improvement’

• performance of acquisition function depends on the true
function

1per-second: run time is varying for different region
2plus: add noise to escape local traps

16



More Details

• NumSeedPoints : number of initial randomly selected
evaluation points

• InitialX : deterministic initial evaluation points X
• Example: run EI with initial designed X = [.2; .4; .6; .8]:

1 x= o p t im i z a b l e V a r i a b l e ( ’ x ’ , [ 0 , 1 ] ) ;
2 f unc=@( x ) s i n (2∗ p i ∗x . x ) ;
3 r e s u l t=bayesopt ( func , x , ’ I n i t i a l X ’ , a r r a y 2 t a b l e

( [ . 2 ; . 4 ; . 6 ; . 8 ] ) ) ;
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More Details

• Stopping criteria
1. By number of iterations. Example:

’MaxObjectiveEvaluations’,60

2. By time (second). Example:

’MaxTime’,3600
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Let’s do it together

Use bayesopt to estimate the hyperparameters of a GP
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Data Generation

1 % Genera te some data from a Gauss i an p r o c e s s
2

3 e l l = 1/4 ; s f = 1 ; %t r u e v a l u e
4 cov func = {@covMatern iso , 3} ; hyp . cov = l og ( [ e l l ; s f

] ) ;
5 l i k f u n c = @ l i kGaus s ; sn = 0 . 1 ; hyp . l i k = l og ( sn ) ;
6

7 n = 20 ;
8 x = gpml_randn ( 0 . 3 , n , 1) ;
9 K = f e v a l ( cov func { : } , hyp . cov , x ) ;

10 mu = f e v a l ( meanfunc { : } , hyp . mean , x ) ;
11 y = cho l (K) ’∗ gpml_randn ( 0 . 1 5 , n , 1) + mu + exp ( hyp . l i k

) ∗gpml_randn ( 0 . 2 , n , 1) ;
12

13 save x x
14 save y y
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Target Function

1 f u n c t i o n [ v a l ] = t a r g e t ( x )
2 % c r e a t e a t a r g e t f u n c t i o n tha t t a k e s e l l and s f as

i n p u t s
3 % and output the n e g a t i v e l o g l i k e l i h o o d
4 l o ad X
5 l o ad Y
6

7 cov func = {@covMatern iso , 3} ;
8 l i k f u n c = @ l i kGaus s ;
9 v a l=gp ( s t r u c t ( ’ cov ’ , l o g ( [ x . e l l , x . s f ] ) , ’ l i k ’ , l o g ( . 1 ) ) ,

@ in fGaus sL ik , [ ] , covfunc , l i k f u n c , X, Y) ;
10 end

21



Run bayesopt

1 e l l=o p t im i z a b l eV a r i a b l e ( ’ e l l ’ , [ . 1 , 1 ] ) ;
2 s f=o p t im i z a b l e V a r i a b l e ( ’ s f ’ , [ . 1 , 1 ] ) ;
3

4 f=@( x ) t a r g e t ( x ) ;
5

6 lhdX=a r r a y 2 t a b l e ( l h s d e s i g n (8 , 2 ) ) ;
7 bayesopt ( f , [ e l l , s f ] , ’ I n i t i a l X ’ , lhdX )
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