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Growing pains



Data ethics 101: convey uncertainty and reliable outcomes

Imagine a quantitative outcome as GPA

Can we trust this?
3.62± ?

Desperately need reliable systems

Why don’t we see prediction intervals more often?

P{Y ∈ C (X )} ≈ 90%



Today’s predictive algorithms

random forests, gradient boosting

Breiman and Friedman

neural networks

LeCun, Hinton and Bengio



Conformal prediction



Predicting with confidence?
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Naive approach: look at residuals and build predictive set [µ̂(x)− q, µ̂(x) + q]

Doesn’t work! residuals much smaller than on test points (extreme for neural nets)

(Jackknife is better, but still fails)
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Enter conformal prediction

–UAI ’98

Predictive inference is possible under no assumptions!



Some pioneers

Vladmimir Vovk Jing Lei Larry Wasserman



Split conformal prediction
Main idea: look at holdout residuals
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About 90% of future test points will fall within this band

Theorem (Papadopoulos, Proedrou, Vovk, Gammerman ’02)

q is d(n + 1)(1− α)e smallest value of |yi − µ̂(xi )| on calibration set (not used for model fitting)

P {Yn+1 ∈ [µ̂(Xn+1)− q, µ̂(Xn+1) + q]} ≥ 1− α
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Beyond residuals

I Just used s(x , y) = |y − µ̂(x)|

I Why stop here? Can use any conformity score s(x , y)

I New predictive set: C (x) = {y : s(x , y) ≤ q}

Theorem (Papadopoulos, Proedrou, Vovk, Gammerman ’02)

q is d(n + 1)(1− α)e smallest value of s(Xi ,Yi ) on calibration set. Then

P {Yn+1 ∈ C (Xn+1)} ≥ 1− α
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Proof

s(Xi, Yi)
<latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit>

s(Xn+1, Yn+1)
<latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit>

q
<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit>

I Scores s(Xi ,Yi ) are exchangeable

I  rank of s(Xn+1,Yn+1) is discrete uniform

I
P {Yn+1 ∈ C (Xn+1)} = P {s(Xn+1,Yn+1) ≤ q} ≥ 1− α



Proof

s(Xi, Yi)
<latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit>

s(Xn+1, Yn+1)
<latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit>

q
<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit>

I Scores s(Xi ,Yi ) are exchangeable

I  rank of s(Xn+1,Yn+1) is discrete uniform

I
P {Yn+1 ∈ C (Xn+1)} = P {s(Xn+1,Yn+1) ≤ q} ≥ 1− α



Proof

s(Xi, Yi)
<latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit><latexit sha1_base64="O7htpk4QoJ5sCIH4LwMq4v8SY34=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7IekIWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSca3U79zhNVmknxYMYpDRI8ECxmBBsr+brWDdk5egzZWVipunV3BrRMvIJUoUAzrHz1+pJkCRWGcKy177mpCXKsDCOcTsq9TNMUkxEeUN9SgROqg3x28gSdWqWPYqlsCYNm6u+JHCdaj5PIdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6P+kxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0n7ou65de/+stq4KeIowTGcQA08uIIG3EETWkBAwjO8wptjnBfn3fmYt644xcwR/IHz+QO5/JA5</latexit>

s(Xn+1, Yn+1)
<latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit><latexit sha1_base64="WexCIq/1lCzTSh2BVGVkvP9tbtY=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCglEUGXRTcuK9iLtCFMppN26GQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5g8SzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6ObSb39SKVisbjXWUK9CA8ECxnB2li+XVbVjp+LU3d8hh5mcOLbFafmTIWWwZ1DBeZq+PZXrx+TNKJCE46V6rpOor0cS80Ip+NSL1U0wWSEB7RrUOCIKi+fHj9Gx8bpozCW5gmNpu7viRxHSmVRYDojrIdqsTYx/6t1Ux1eeTkTSaqpILNFYcqRjtEkCdRnkhLNMwOYSGZuRWSIJSba5FUyIbiLX16G1nnNdWru3UWlfj2PowiHcARVcOES6nALDWgCgQye4RXerCfrxXq3PmatBWs+U4Y/sj5/AJbYk2w=</latexit>

q
<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit>

I Scores s(Xi ,Yi ) are exchangeable

I  rank of s(Xn+1,Yn+1) is discrete uniform

I
P {Yn+1 ∈ C (Xn+1)} = P {s(Xn+1,Yn+1) ≤ q} ≥ 1− α



Better conformity scores



Setting with perfect knowledge

PY |X known  can fit upper and lower quantile functions

Length of interval can vary greatly



Setting with perfect knowledge

PY |X known  can fit upper and lower quantile functions

Length of interval can vary greatly



Fixed vs. adaptive intervals

Target coverage: 90%; Actual coverage (test data): 90.03%



No perfect knowledge, only a few samples from PY |X !





Formulate quantile estimation as a learning task

f (·) = argmin
f∈F

∑
i

ρα(Yi − f (Xi )) +R(f )

• R(f ) is a possible regularizer

• ρα is pinball loss Koenker & Bassett ’78



Validity for unseen data?

Valid? No (imagine training a neural net)

Target coverage level: 90%; Actual coverage: 72.31%



Calibration

Apply quantile regression Calibrate



Calibrate: how?

i. For ith point in calibration set

Si = max{lower(Xi )− Yi ,Yi − upper(Xi )}

• Si signed distance to boundary
• Si negative if lower(Xi ) ≤ Yi ≤ upper(Xi ))

positive otherwise

ii. Q is (1− α)th quantile of Si ’s

• Q is positive if “initial intervals are too small”

iii. Define the prediction interval as

C (x) = [lower(x)− Q, upper(x) + Q]



Validity on new data

Target coverage: 90%; Actual coverage: 90.01%



Comparison to split conformal: random forests regression

Split conformal

Avg. Coverage 91.4%
Avg. Length 2.91

CQR

Avg. Coverage 91.0%
Avg. Length 2.18

CQR is adaptive while split conformal is not



Approx. conditional coverage and adaptive length

CQR is largely the right thing to do Sesia and C. (’19)



Predicting utilization of medical services

Medical Expenditure Panel Survey 2015

• Xi – age, marital status, race, poverty status, functional limitations, health status, health
insurance type, ...

• Yi – health care system utilization, reflecting # visits to doctor’s office/hospital, ...

• ≈ 16, 000 subjects

• ≈ 140 features



Results on MEPS data

• NNet regression (MSE or pinball loss)

• Average across 20 random train-test (80%/20%) splits

Better conditional coverage* and shorter intervals

*measured over the worst slab Cauchois, Gupta, and Duchi (’20)



A more comprehensive study
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Prediction intervals using quantile regression outperform existing conformal methods in 10/11
regression datasets



Calibration via adaptive coverage
Kivaranovic, Johnson, Leeb (’19); Chernozhukov, Wüthrich, Zhu (’19); Gupta, Kuchibhotla, Ramdas (’19)

Romano, Sesia, & C. (’20); Bates, C., Romano, & Sesia (’20)

1. Uncalibrated guess for parameter τ

C naive(x , 1− τ) = [F̂−1Y |X (τ/2), F̂−1Y |X (1− τ/2)]

2. Find τ̂ achieving 90% coverage on calibration set
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Kivaranovic, Johnson, Leeb (’19); Chernozhukov, Wüthrich, Zhu (’19); Gupta, Kuchibhotla, Ramdas (’19)

Romano, Sesia, & C. (’20); Bates, C., Romano, & Sesia (’20)

1. Uncalibrated guess for parameter τ

C naive(x , 1− τ) = [F̂−1Y |X (τ/2), F̂−1Y |X (1− τ/2)]

2. Find τ̂ achieving 90% coverage on calibration set

3. Set

C (x) = C naive(x , τ̂)

“Choose 95% nominal to get 90% coverage on test data”



Discrete labels Romano, Sesia, & C. (’20)

• Estimate conditional probabilities π̂(y | x)
 e.g., output of NNet’s softmax layer

• Uncalibrated guess

Sorted class probabilities C naive(x , 90%) = {a, b, c}



Calibration via adaptive coverage

C naive(x , 95%) = {a, b, c , d}

Prediction set

C (x) = C naive(x , τ̂)

“Choose 95% nominal to get 90% coverage on test data”



Correctness

Validity of CQR & adaptive CP holds regardless of choice/accuracy of quantile regression estimate

Theorem

If (Xi ,Yi ), i = 1, . . . , n + 1 are exchangeable, then

1− α ≤ P{Yn+1 ∈ C (Xn+1)} ≤ 1− α + 1/(m + 1)

• m is size of calibration set

• Upper bound holds if conformity scores are a.s. distinct



Early split conformal for classification
Lei, Robins, Wasserman ’13; Vovk, Petej, Fedorova ’14

• Use π̂(y | x) to construct a prediction set

C (x) = {y ∈ Y : π̂(y | x) ≥ Q} Q := αth quantile of
calibration scores π̂(Yi | Xi )

(1) Guess a label y ∈ Y
(2) Is π̂(y | x) larger than most of the scores π̂(Yi | Xi )’s?

If yes  include y in C (x)

• Main issue: poor conditional coverage

Setting with perfect knowledge
(90% target coverage)

Conformal set = {a}
Ideal set = {a}

Conformal set = {∅}
Ideal set = {a, b, c}

• Threshold Q is not adaptive to x
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Adaptivity vs. not: simulation

Ten-way classification via kernel SVM (simulated dataset)

• Better conditional coverage

• May result in larger sets



Adaptivity vs. not: MNIST data

Classification of handwritten digits via NNets



Equitable treatment via equalized coverage



Growing pains



Growing pains

for each sector. Producers of low-carbon 
goods should be allowed to document 
their actual emissions with audited data. 
The BCA should reflect the difference 
in carbon con-
straints between 
the imposing and 
targeted econo-
mies. For example, 
if aluminium in the 
imposing country 
faces an average 
compliance cost of 
$30 per tonne of 
carbon emissions, and imported alumin-
ium is subject only to an average of $10 per 
tonne in its country of origin, then the $20 
difference would be imposed as a BCA.

Ensure the process is fair. Equity, trans-
parency and predictability are essential to 
legal durability. Countries should notify 
trade partners in advance and discuss the 
details with them. An independent arbi-
ter could audit the plans before they are 
adopted and determine whether they are 
reasonable. The plan should include pro-
cedures for appealing.

The next few years will be a crucial time 
for both trade and climate policy. Trump 
plans to renegotiate the North American 
Free Trade Agreement (NAFTA), having 
already ended US participation in the 
Trans-Pacific Partnership (TPP). The 
United Kingdom and EU must rewrite 
their joint policies on trade and climate 
change. Nations will review their Paris 
pledges with a view to strengthening cli-
mate ambition. All these processes are 
parts of a larger puzzle.

As the pieces of the jigsaw fall into 
place, momentum must be sustained on 
climate change. Rather than prolong-
ing the current spiral of tariff tit-for-
tat, countries should rally and turn this 
incipient trade war into an opportunity 
to ratchet up climate ambition. ■ 

Michael A. Mehling is deputy director of 
the Center for Energy and Environmental 
Policy Research, Massachusetts Institute 
of Technology, Cambridge, USA; and 
professor at the University of Strathclyde 
School of Law, Glasgow, UK. Harro 
van Asselt is senior research fellow at 
the Stockholm Environment Institute; 
and professor of climate law and policy, 
University of Eastern Finland Law 
School, Joensuu, Finland. Kasturi Das is 
professor of economics and international 
business, Institute of Management 
Technology, Ghaziabad, India. Susanne 
Droege is senior fellow, Global Issues 
Research Division, German Institute 
for International and Security Affairs, 
Berlin, Germany. 
e-mail: mmehling@mit.edu

When Google Translate converts 
news articles written in Spanish 
into English, phrases referring 

to women often become ‘he said’ or ‘he 
wrote’. Software designed to warn people 
using Nikon cameras when the person they 
are photographing seems to be blinking 
tends to interpret Asians as always blink-
ing. Word embedding, a popular algorithm 
used to process and analyse large amounts 
of natural-language data, characterizes 
European American names as pleasant 
and African American ones as unpleasant. 

These are just a few of the many 
examples uncovered so far of artificial 

intelligence (AI) applications systematically 
discriminating against specific populations.

Biased decision-making is hardly unique 
to AI, but as many researchers have noted1, 
the growing scope of AI makes it particu-
larly important to address. Indeed, the 
ubiquitous nature of the problem means 
that we need systematic solutions. Here we 
map out several possible strategies. 

SKEWED DATA
In both academia and industry, computer 
scientists tend to receive kudos (from publi-
cations to media coverage) for training ever 
more sophisticated algorithms. Relatively 

Design AI so  
that it’s fair

Identify sources of inequity, de-bias training data and 
develop algorithms that are robust to skews in data, 

urge James Zou and Londa Schiebinger.

“Turn this 
incipient trade 
war into an 
opportunity 
to ratchet 
up climate 
ambition.”

COMMENT
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little attention is paid to how data are 
collected, processed and organized. 

A major driver of bias in AI is the training 
data. Most machine-learning tasks are 
trained on large, annotated data sets. Deep 
neural networks for image classification, for 
instance, are often trained on ImageNet, a set 
of more than 14 million labelled images. In 
natural-language processing, standard algo-
rithms are trained on corpora consisting of 
billions of words. Researchers typically con-
struct such data sets by scraping websites, 
such as Google Images and Google News, 
using specific query terms, or by aggregat-
ing easy-to-access information from sources 
such as Wikipedia. These data sets are then 
annotated, often by graduate students or 
through crowdsourcing platforms such as 
Amazon Mechanical Turk. 

Such methods can unintentionally 
produce data that encode gender, ethnic 
and cultural biases. 

Frequently, some groups are over-repre-
sented and others are under-represented. 
More than 45% of ImageNet data, which 
fuels research in computer vision, comes 
from the United States2, home to only 4% of 
the world’s population. By contrast, China 
and India together contribute just 3% of 
ImageNet data, even though these countries 

represent 36% of the world’s population. 
This lack of geodiversity partly explains why 
computer vision algorithms label a photo-
graph of a traditional US bride dressed in 
white as ‘bride’, ‘dress’, ‘woman’, ‘wedding’, 
but a photograph of a North Indian bride as 
‘performance art’ and ‘costume’2. 

In  medic ine,  machine- learning 
predictors can be particularly vulnerable to 
biased training sets, because medical data 
are especially costly to produce and label. 
Last year, researchers used deep learning 
to identify skin cancer from photographs. 
They trained their model on a data set of 
129,450 images, 60% of which were scraped 
from Google Images3. But fewer than 5% of 
these images are of dark-skinned individu-
als, and the algorithm wasn’t tested on dark-
skinned people. Thus the performance of 
the classifier could vary substantially across 
different populations. 

Another source of bias can be traced to 
the algorithms themselves. 

A typical machine-learning program will 
try to maximize overall prediction accuracy 
for the training data. If a specific group of 
individuals appears more frequently than 
others in the training data, the program will 
optimize for those individuals because this 
boosts overall accuracy. Computer scientists 

evaluate algorithms on ‘test’ data sets, but 
usually these are random sub-samples of 
the original training set and so are likely to 
contain the same biases.

Flawed algorithms can amplify biases 
through feedback loops. Consider the 
case of statistically trained systems such as 
Google Translate defaulting to the mascu-
line pronoun. This patterning is driven by 
the ratio of masculine pronouns to femi-
nine pronouns in English corpora being 
2:1. Worse, each time a translation program 
defaults to ‘he said’, it increases the relative 
frequency of the masculine pronoun on 
the web — potentially reversing hard-won 
advances towards equity4. The ratio of 
masculine to feminine pronouns has fallen 
from 4:1 in the 1960s, thanks to large-scale 
social transformations. 

TIPPING THE BALANCE
Biases in the data often reflect deep and 
hidden imbalances in institutional infra-
structures and social power relations. Wiki-
pedia, for example, seems like a rich and 
diverse data source. But fewer than 18% of 
the site’s biographical entries are on women. 
Articles about women link to articles about 
men more often than vice versa, which 
makes men more visible to search engines. 
They also include more mentions of roman-
tic partners and family5. 

Thus, technical care and social aware-
ness must be brought to the building of data 
sets for training. Specifically, steps should 
be taken to ensure that such data sets are 
diverse and do not under represent particular 
groups. This means going beyond conveni-
ent classifications —‘woman/man’, ‘black/
white’, and so on — which fail to capture the 
complexities of gender and ethnic identities. 

Some researchers are already starting to 
work on this (see Nature 558, 357–360; 2018). 
For instance, computer scientists recently 
revealed that commercial facial recogni-
tion systems misclassify gender much more 
often when presented with darker-skinned 
women compared with lighter-skinned men, 
with an error rate of 35% versus 0.8% (ref. 6). 
To address this, the researchers curated a 
new image data set composed of 1,270 indi-
viduals, balanced in gender and ethnicity. 
Retraining and fine-tuning existing face-
classification algorithms using these data 
should improve their accuracy. 

To help identify sources of bias, we 
recommend that annotators systematically 
label the content of training data sets with 
standardized metadata. Several research 
groups are already designing ‘datasheets’7 
that contain metadata and ‘nutrition labels’ 
for machine-learning data sets (http://data-
nutrition.media.mit.edu/).  

Every training data set should be 
accompanied by information on how the 
data were collected and annotated. If data 
contain information about people, 

Algorithms trained on 
biased data sets often 
recognize only the left-
hand image as a bride.
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for each sector. Producers of low-carbon 
goods should be allowed to document 
their actual emissions with audited data. 
The BCA should reflect the difference 
in carbon con-
straints between 
the imposing and 
targeted econo-
mies. For example, 
if aluminium in the 
imposing country 
faces an average 
compliance cost of 
$30 per tonne of 
carbon emissions, and imported alumin-
ium is subject only to an average of $10 per 
tonne in its country of origin, then the $20 
difference would be imposed as a BCA.

Ensure the process is fair. Equity, trans-
parency and predictability are essential to 
legal durability. Countries should notify 
trade partners in advance and discuss the 
details with them. An independent arbi-
ter could audit the plans before they are 
adopted and determine whether they are 
reasonable. The plan should include pro-
cedures for appealing.

The next few years will be a crucial time 
for both trade and climate policy. Trump 
plans to renegotiate the North American 
Free Trade Agreement (NAFTA), having 
already ended US participation in the 
Trans-Pacific Partnership (TPP). The 
United Kingdom and EU must rewrite 
their joint policies on trade and climate 
change. Nations will review their Paris 
pledges with a view to strengthening cli-
mate ambition. All these processes are 
parts of a larger puzzle.

As the pieces of the jigsaw fall into 
place, momentum must be sustained on 
climate change. Rather than prolong-
ing the current spiral of tariff tit-for-
tat, countries should rally and turn this 
incipient trade war into an opportunity 
to ratchet up climate ambition. ■ 
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These are just a few of the many 
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Biased decision-making is hardly unique 
to AI, but as many researchers have noted1, 
the growing scope of AI makes it particu-
larly important to address. Indeed, the 
ubiquitous nature of the problem means 
that we need systematic solutions. Here we 
map out several possible strategies. 

SKEWED DATA
In both academia and industry, computer 
scientists tend to receive kudos (from publi-
cations to media coverage) for training ever 
more sophisticated algorithms. Relatively 
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On the use of ML to support important decisions

• How do we communicate uncertainty to decision makers?

• How do we not overstate what can be inferred from the black box?

• How do we treat everyone equitably?

Our take:

Decouple the statistical problem from the policy problem
Corbett-Davis and Goel, ’19

Somewhat against current thinking in “algorithmic fairness in ML”



Predicting utilization of medical services

MEPS 2016 data set

• Xi – age, marital status, race, poverty status, functional limitations, health status, health
insurance type, ...

• Yi – health care system utilization, reflecting # visits to doctor’s office/hospital, ...

• Ai – race (protected attribute)

• ≈ 9, 600 non-white individuals

• ≈ 6, 000 white individuals

• ≈ 140 features



Some observations on 2016 MEPS data set

Fit a neural network regression function µ̂(·):

• NNet overestimates the response of the non-white group

• NNet underestimates the response of the white group

Group Avg. Coverage Avg. Length

Non-white 0.920 2.907
Marginal Conformal

White 0.871 2.907



Equalized coverage Romano, Barber, Sabatti, & C. ’19

Goal: construct perfectly calibrated intervals across all groups

P{Yn+1 ∈ C (Xn+1) | A = ♂} ≥ 90%

P{Yn+1 ∈ C (Xn+1) | A = ♀ } ≥ 90%

Summarizes what we have learned from ML s.t.

• Rigorously quantifies uncertainty

Honest reporting: interval is long?  model can say little

• Treats individuals equitably



Minority and majority groups



Separate training + separate calibration



Joint training + separate calibration



Performance

• Average across 40 random train-test (80%/20%) splits

Method Group Avg. Coverage Avg. Length

Non-white 0.903 2.764
Residual quant. (separate train.)

White 0.901 3.182

Non-white 0.904 2.738
Residual quant. (joint train.)

White 0.902 3.150

Non-white 0.904 2.567
CQR (separate train.)

White 0.900 3.203

Non-white 0.902 2.527
CQR (joint train.)

White 0.901 3.102

• CQR produces shorter intervals

• Joint training is more powerful



Bits of a data ethics framework...

• Recognize that data analysis is non-neutral

=⇒ Make sure the way we summarize information does not lead to discriminatory/unfair practices

• Do not conflate data analysis with a decision rule

=⇒ Our job is to empower the user, not to play God

• First, do no harm

=⇒ Be a professional, not a “hacker”: stakes are high



Counterfactual inference



Counterfactual inference

Assign treatment by a coin toss for each subject based on the propensity score e(x)



Counterfactual inference

Each subject has potential outcomes (Y (1),Y (0)) and the observed outcome Y obs



Counterfactual inference



Counterfactual inference



The counterfactual inference problem and covariate shift



Adapting conformal inference to covariate shift

Goal: Use i.i.d. samples (Xi ,Yi ) ∼ PX × PY |X to construct Ĉ (x) with

P(Y ∈ Ĉ (X )) ≥ 1− α with (X ,Y ) ∼ QX × PY |X

Covariate shift w(x) ,
dQX

dPX
(x)

Counterfactual inference w(x) ,
dPX |T=0

dPX |T=1
(x) ∝ 1− e(x)

e(x)



Conformal inference of counterfactuals

Conformal inference without covariate shift: non-conformity score S(x , y)

y ∈ Ĉ (x)⇐⇒ S(x , y) ≤ Q1−α

(
n∑

i=1

1

n + 1
δS(Xi ,Yi ) +

1

n + 1
δS(x,y)

)

Unweighted histogram

Weighted histogram



Conformal inference of counterfactuals

Weighted Conformal Inference (Tibshirani, Barber, C., Ramdas ’19)

y ∈ Ĉ (x)⇐⇒ S(x , y) ≤ Q1−α

(
n∑

i=1

p(Xi )δS(Xi ,Yi ) + p(x)δS(x,y)

)
, p(Xi ) ∝ w(Xi )

Unweighted histogram Weighted histogram



Near-exact counterfactual inference in finite samples

Theorem (Lei and C., 2020)

Set w(x) = (1− e(x))/e(x) (e(x) known) in weighted conformal inference. Then

1− α ≤ P(Yn+1(1) ∈ Ĉ (Xn+1)) ≤ 1− α +
C

n

• Lower bound holds without extra assumption

• Upper bound holds if scores are a.s. distinct & an overlap condition holds

• Applicable to randomized experiments with perfect compliance

• Holds approximately if either e(x) or q(Y (1) | X ) are estimated well (double robustness)



Simulation: marginal coverage

• 100 covariates

• Smooth mean

• Heteroscedastic errors

• Smooth propensity score
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Simulation: average interval length
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Simulation: conditional coverage
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Conformal inference of individual treatment effects

Lei and C. ’20

Prediction interval for individual treatment effect Y (1)− Y (0) of unseen individual

PX∼QX

(
Y (1)− Y (0) ∈ ĈITE(X )

)
≥ 1− α



Data re-use (when data is scarce)

Standard approach in CP (full conformal) is computationally prohibitive

• Jackknife/CV can fail (coverage can be zero)

• Modification: Jackknife+/CV+ has guaranteed coverage
Barber, C., Ramdas and Tibshirani ’19

• Related to cross-conformal prediction
Vovk, ’15

• Can be adapted to any conformity score, continuous/discrete labels, ...
Gupta, Kuchibhotla, Ramdas ’19; Romano, Sesia, & C. ’20
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Jackknife+/CV+

Barber, C., Ramdas and Tibshirani ’19

K folds and leave-out residuals
RLOO
i = |Yi − µ̂−K(i)(Xi )|

• Jackknife/CV

µ̂(Xn+1) ± RLOO
i ⇐⇒

[
10th perc. {µ̂(Xn+1)− RLOO

i }, 90th perc. {µ̂(Xn+1) + RLOO
i }

]

• Jackknife+/CV+[
10th perc. {µ̂−K(i)(Xn+1)− RLOO

i }, 90th perc. {µ̂−K(i)(Xn+1) + RLOO
i }

]
• Related to cross-conformal prediction (Vovk, ’15)

• Improved performance over split conformal when n is not large
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• Improved performance over split conformal when n is not large



Jackknife vs. Jackknife+

? ?
µ̂(Xn+1)± RLOO

1

µ̂(Xn+1)± RLOO
2

µ̂(Xn+1)± RLOO
3

µ̂(Xn+1)± RLOO
n

.

.

.

jackknife interval

?

?

µ̂−1(Xn+1)± RLOO
1

µ̂−2(Xn+1)± RLOO
2

µ̂−3(Xn+1)± RLOO
3

µ̂−n(Xn+1)± RLOO
n

.

.

.

jackknife+ interval

On either side interval boundary is exceeded by a sufficiently small prop. of two sided arrows (marked with ?)



Distribution-free guarantee

Theorem (Barber, C., Ramdas and Tibshirani 2019)

If (Xi ,Yi ), i = 1, . . . , n + 1 are exchangeable, then

P{Yn+1 ∈ C jackknife+/CV+(Xn+1)} ≥ 1− 2α

• Jackknife – coverage can be zero; i.e. can have P{Yn+1 ∈ C jackknife(Xn+1)} = 0

• Coverage is usually (but not always) 1− α



Example

• 100 samples

• 100 features

• Y |X follows a linear model

• Regression method – least squares (minimal `2-norm solution)

• Average over 50 trials

Method Coverage

Jackknife 0.475
Jackknife+ 0.913



Extensions Gupta, Kuchibhotla, Ramdas ’19; Romano, Sesia, & C. ’20

• Arbitrary scores

• Discrete/categorical labels

ĈCV+
n,α (Xn+1) =

{
y ∈ Y :

n∑
i=1

1
[
s
(
Xi ,Yi , π̂

−k(i)
)
< s

(
Xn+1, y , π̂

−k(i)
)]

< (1− α)(n + 1)

}

π̂−k(i) is model fitted on folds not containing the ith sample



Websites & code

• Effective conformity scores: https://sites.google.com/view/cqr/

• Counterfactual and individual treatment effects:
https://lihualei71.github.io/cfcausal/index.html

https://sites.google.com/view/cqr/
https://lihualei71.github.io/cfcausal/index.html


Summary

• Personal tour of conformal prediction

• Importance of uncertainty quantification

• Ideas from conformal prediction applicable to meet the highest professional standards



Synthetic data experiment: classification

• Labels Y ∈ {1, 2, . . . , 10}

• Features X ∈ R10 (two usnbalanced groups)

X1 =

{
1 w.p. 1/5
−8 otherwise

X2, . . . ,X10 ∼ N (0, 1)

• Y | X follows a linear multiclass logistic model with coefficients ∼ N (0, 1)

• Kernel SVM classifier

• 1000 training points

• 5000 test points



MNIST data experiment

• 10 class labels, 28× 28 images

• NNet classifier fitted on PCA-reduced features (p = 50)

• 5000 training points

• 5000 test points



Synthetic data experiment for counterfactual inference

• Total sample size n = 1000

• X ∈ R100 correlated Gaussian

• Y (1) | X ∼ N(µ(X ), σ(X )2):

µ(X ) depends on X1,X2 smoothly

σ(X ) = − log(1− Φ(X1)) (heteroscedastic)

• e(X ) ∈ [0.25, 0.5] depends on X1 smoothly


