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What is Reinforcement Learning?



What is Machine Learning?



Three Main Classes of ML

1. Unsupervised Learning
2. Supervised Learning
3. Reinforcement Learning



Unsupervised Learning
• Wikipedia: “Unsupervised machine learning is the machine learning 

task of inferring a function that describes the structure of "unlabeled" 
data (i.e. data that has not been classified or categorized)”

• Examples: Clustering, Dimensionality Reduction, Matrix Completion, 
Image Inpainting, Collaborative Filtering



Unsupervised Learning: Clustering

Figure from [1]
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Unsupervised Learning
• Wikipedia: “Unsupervised machine learning is the machine learning 

task of inferring a function that describes the structure of "unlabeled" 
data (i.e. data that has not been classified or categorized)”

• Examples: Clustering, Dimensionality Reduction, Matrix Completion, 
Image Inpainting, Collaborative Filtering

• Descriptive analytics refers to summarizing data in a way to make it 
more interpretable



Supervised Learning
• Wikipedia: “Supervised learning is the machine learning task of 

learning a function that maps an input to an output based on 
example input-output pairs”



Supervised Learning
• Wikipedia: “Supervised learning is the machine learning task of 

learning a function that maps an input to an output based on 
example input-output pairs”
• Examples: Image classification, Handwriting recognition, Email 

spam filtering, Face recognition, Speech recognition



Supervised Learning: Image Classification

Training Data Testing Data

Cat



Supervised Learning: Face Recognition

Figure from [1]



Supervised Learning

Facebook Outage, July, 2019



Supervised Learning
• Wikipedia: “Supervised learning is the machine learning task of 

learning a function that maps an input to an output based on 
example input-output pairs”
• Examples: Image classification, Handwriting recognition, Email 

spam filtering, Face recognition, Speech recognition

• Predictive analytics aims to estimate outcomes from current data



Reinforcement Learning
Wikipedia: “Reinforcement learning (RL) 
is an area of machine learning 
concerned with how software agents 
ought to take actions in an environment 
so as to maximize some notion of 
cumulative reward. The problem, due to 
its generality, is studied in many other 
disciplines, such as game theory, control 
theory, operations research, 
information theory, optimization, multi-
agent systems, swarm intelligence, 
statistics, … ”
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Reinforcement Learning



RL: Agent and Environment 

• At each time step t the agent:
• Executes an action At

• Receives reward Rt
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• Receives an action At 

• Emits reward Rt

• Emits reward Ot+1

• Time t ß t+1



RL: Agent and Environment 

• At each time step t the agent:
• Executes an action At 

• Receives reward Rt

• Receives observation Ot+1 

• The environment:
• Receives an action At 

• Emits reward Rt

• Emits reward Ot+1 

• Time t ß t+1



RL: Agent and Environment 

• At each time step t the agent:
• Executes an action At 

• Receives reward Rt

• Receives observation Ot+1 

• The environment:
• Receives an action At 

• Emits reward Rt

• Emits reward Ot+1 

• Time t ß t+1

Rules of the game are unknown!
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Why RL is Different?
RL: Learning to make a optimal sequence of decisions under uncertainty 



Why RL is Different?

• No supervisor, only a reward signal
• Feedback is delayed, not instantaneous  
• Sequential decision making
• Actions have long-term consequences
• Non i.i.d. data
• Agent’s actions affect the subsequent data it 

receives 

RL: Learning to make a optimal sequence of decisions under uncertainty 
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Robotic Hand Solving Rubik’s Cube
Akkayaet al. "Solving Rubik's Cube with a Robot Hand”, 2019.



Playing Atari
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Learning to Walk

S. Levine, P. Pastor, A. Krizhevsky, J. Ibarz, D. Quillen, “Learning to Walk via Deep 
Reinforcement Learning”, Robotics: Science and Systems (RSS), 2019



Playing Go

• D. Silver, et al. “Mastering the game of Go with deep neural networks and tree 
search”, Nature (2016)



Reinforcement Learning
Wikipedia: “Reinforcement learning (RL) 
is an area of machine learning 
concerned with how software agents 
ought to take actions in an environment 
so as to maximize some notion of 
cumulative reward. The problem, due to 
its generality, is studied in many other 
disciplines, such as game theory, control 
theory, operations research, 
information theory, optimization, multi-
agent systems, swarm intelligence, 
statistics, … ”

Prescriptive analytics guides actions 
to take in order to guarantee outcomes



RL: Exploration vs Exploitation
• Unlike supervised and unsupervised  learning, data is not given before
• Agent learns about the environment by trying things out

• RL in some way a trial-and-error learning

• Agent should learn a good control policy:
• From its experiences of the environment but without loosing too much reward along the way

• Online decision-making involves a fundamental choice:
• Exploitation: Make the best decision given current information 
• Exploration:  Gather more information to make the best decisions
• The optimal long-term strategy may involve sub-optimal short-term decisions



RL: Exploration vs Exploitation
• Unlike supervised and unsupervised  learning, data is not given before
• Agent learns about the environment by trying things out

• RL in some way a trial-and-error learning

• Agent should learn a good control policy:
• From its experiences of the environment but without loosing too much reward along the way

• Online decision-making involves a fundamental choice:
• Exploitation: Make the best decision given current information 
• Exploration:  Gather more information to make the best decisions
• The optimal long-term strategy may involve sub-optimal short-term decisions

How to balance exploration and exploitation?



Exploration vs Exploitation: Examples
• Restaurant Selection
• Exploitation: Go to your favorite restaurant 
• Exploration: Try a new restaurant 

• Online advertisements 
• Exploitation: Show the most successful ad 
• Exploration: Show a different ad 

• Oil Drilling
• Exploitation: Drill at best known location 
• Exploration: Drill at new location 

• Games
• Exploitation: Play the move you believe is best 
• Exploration: Play an experimental move



Reinforcement Learning Problem

• Agent doesn’t know how the environment works 
• Agent has to interact with the environment to learn 
• Agent gets two feedback: 
• It can observe the state of the environment at each step
• It gets a reward at each step

• Agent has to learn a control policy
• Algorithm to select action sequentially

• Agent’s objective is to maximize the expected cumulative reward 



Markov Decision Processes
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MDP Example: Grid World 
• Agent lives in a grid world

Figure from [1]
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MDP Example: Grid World 
• Agent lives in a grid world
• This world is non-deterministic
• Inherent uncertainties in the environment
• Actions don’t go always go as planned

• Agent receives rewards each time step
• Reward will depend on the current state/action

Figure from [1]



Markov Decision Processes (MDP)
• A set of states: x ∈ X
• A set of actions: a ∈ A

Figure from [1]
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Markov Decision Processes (MDP)
• A set of states: x ∈ X
• A set of actions: a ∈ A
• A transition function: P(x’|x, a)
• Probability moving from x to x’

if action a is taken
• Also called model or dynamics

of the system

• Reward function: R(x, a) or R(x, a, x’)
• A start state and/or a terminal state
• A very useful model for approximating real-world systems!

Figure from [1]



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 

• If you know the current state and current action, history is irrelevant 
to predict the future states



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 

• If you know the current state and current action, history is irrelevant 
to predict the future states
• Is the world Markov?



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 

• If you know the current state and current action, history is irrelevant 
to predict the future states
• Is the world Markov?
• A very useful modeling assumption for a large class of real world problems!



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 

• If you know the current state and current action, history is irrelevant 
to predict the future states
• Is the world Markov?
• A very useful modeling assumption for a large class of real world problems!

• Why is it useful?



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 

• If you know the current state and current action, history is irrelevant 
to predict the future states
• Is the world Markov?
• A very useful modeling assumption for a large class of real world problems!

• Why is it useful?
• Tremendous reduction in memory/computation



Markov Property
• “Markov” generally means that given the present, the future and the 

past are independent 

• If you know the current state and current action, history is irrelevant 
to predict the future states
• Is the world Markov?
• A very useful modeling assumption for a large class of real world problems!

• Why is it useful?
• Tremendous reduction in memory/computation
• History explodes with time. But no need to store the entire history!



MDP Examples

Lunar Lander

Inverted Pendulum

Cart Pole

Videos are from OpenAI Gym



MDP Examples

Robotic Arm 1 Robotic Arm 2
Videos are from OpenAI Gym



Markov Decision Processes



Control Policy
• Which action to take in each state?
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• A control policy specifies the action to take given the current state
• Can be deterministic or stochastic

• Conditional probability of taking action a given the state x



Control Policy
• Which action to take in each state?
• A control policy specifies the action to take given the current state
• Can be deterministic or stochastic

• Conditional probability of taking action a given the state x

• A policy fully defines the behavior of an agent



Value of a Policy



Value of a Policy

Figure from [1]



Value of a Policy
• Value of a policy evaluated at state x is the expected cumulative 

(discounted) rewards obtained by taking action according that policy, 
starting from x

Figure from [1]
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Bellman Optimality Equation



Bellman Optimality Equation

• Intuition: Suppose V* is the optimal value function

xAt state x
Take action a

y1

y2
P(y2|x,a)

P(y1|x,a) V*(y1)

V*(y2)
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Bellman Optimality Equation

• Intuition: Suppose V* is the optimal value function

xAt state x
Take action a

y1

y2
P(y2|x,a)

P(y1|x,a) V*(y1)

V*(y2)

Value at state x by taking action a is

But we want to take the best action
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Bellman Operator and Value Iteration

Bellman 
Operator

Value Iteration 



Bellman Operator and Value Iteration

Bellman 
Operator

Value Iteration 

• Will the VI converge? 
• Will it converge to V*?
• Is V* unique? 
• How fast does it converge?
• How to get 𝜋 *  from V* ? 
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Fixed Point of the Bellman Operator

• Computing optimal value function is equivalent to computing the 
fixed point of the Bellman Operator

V* is a fixed point of the Bellman Operator T

Bellman Operator

Bellman Optimality Equation
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Fixed Point of the Bellman Operator

• Computing optimal value function is equivalent to computing the 
fixed point of the Bellman Operator

V* is a fixed point of the Bellman Operator T

Bellman Operator

Bellman Optimality Equation
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Contraction Mapping
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<latexit sha1_base64="t0VR0BM2XP4y+DNn/ee5OJn4IkY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VmrTQhrLZbtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTQMtMEeoTyaXqRlhTzgT1DTOcdlNFcRJx2okmd3O/80SVZlK0zTSlYYJHgsWMYGOloB0M8sZsUK25dXcBtE68gtSgQGtQ/eoPJckSKgzhWOue56YmzLEyjHA6q/QzTVNMJnhEe5YKnFAd5otrZ+jCKkMUS2VLGLRQf0/kONF6mkS2M8FmrFe9ufif18tMfBPmTKSZoYIsF8UZR0ai+etoyBQlhk8twUQxeysiY6wwMTagig3BW315nQSNuufWvYerWvO2iKMMZ3AOl+DBNTThHlrgA4FHeIZXeHOk8+K8Ox/L1pJTzJzCHzifP0Oqjuk=</latexit><latexit sha1_base64="t0VR0BM2XP4y+DNn/ee5OJn4IkY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VmrTQhrLZbtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTQMtMEeoTyaXqRlhTzgT1DTOcdlNFcRJx2okmd3O/80SVZlK0zTSlYYJHgsWMYGOloB0M8sZsUK25dXcBtE68gtSgQGtQ/eoPJckSKgzhWOue56YmzLEyjHA6q/QzTVNMJnhEe5YKnFAd5otrZ+jCKkMUS2VLGLRQf0/kONF6mkS2M8FmrFe9ufif18tMfBPmTKSZoYIsF8UZR0ai+etoyBQlhk8twUQxeysiY6wwMTagig3BW315nQSNuufWvYerWvO2iKMMZ3AOl+DBNTThHlrgA4FHeIZXeHOk8+K8Ox/L1pJTzJzCHzifP0Oqjuk=</latexit><latexit sha1_base64="t0VR0BM2XP4y+DNn/ee5OJn4IkY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VmrTQhrLZbtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTQMtMEeoTyaXqRlhTzgT1DTOcdlNFcRJx2okmd3O/80SVZlK0zTSlYYJHgsWMYGOloB0M8sZsUK25dXcBtE68gtSgQGtQ/eoPJckSKgzhWOue56YmzLEyjHA6q/QzTVNMJnhEe5YKnFAd5otrZ+jCKkMUS2VLGLRQf0/kONF6mkS2M8FmrFe9ufif18tMfBPmTKSZoYIsF8UZR0ai+etoyBQlhk8twUQxeysiY6wwMTagig3BW315nQSNuufWvYerWvO2iKMMZ3AOl+DBNTThHlrgA4FHeIZXeHOk8+K8Ox/L1pJTzJzCHzifP0Oqjuk=</latexit><latexit sha1_base64="t0VR0BM2XP4y+DNn/ee5OJn4IkY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VmrTQhrLZbtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTQMtMEeoTyaXqRlhTzgT1DTOcdlNFcRJx2okmd3O/80SVZlK0zTSlYYJHgsWMYGOloB0M8sZsUK25dXcBtE68gtSgQGtQ/eoPJckSKgzhWOue56YmzLEyjHA6q/QzTVNMJnhEe5YKnFAd5otrZ+jCKkMUS2VLGLRQf0/kONF6mkS2M8FmrFe9ufif18tMfBPmTKSZoYIsF8UZR0ai+etoyBQlhk8twUQxeysiY6wwMTagig3BW315nQSNuufWvYerWvO2iKMMZ3AOl+DBNTThHlrgA4FHeIZXeHOk8+K8Ox/L1pJTzJzCHzifP0Oqjuk=</latexit>

TV1
<latexit sha1_base64="Zk6GF3jokMaycsrfCpqPNRbsjV8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9Fj04rFCuy20S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXpYIb6/vf3tr6xubWdmmnvLu3f3BYOToOjMo0ZS2qhNKdiBgmuGQty61gnVQzkkSCtaPx3cxvPzFtuJJNO0lZmJCh5DGnxDopaAb9HE/7lapf8+dAqwQXpAoFGv3KV2+gaJYwaakgxnSxn9owJ9pyKti03MsMSwkdkyHrOipJwkyYz6+donOnDFCstCtp0Vz9PZGTxJhJErnOhNiRWfZm4n9eN7PxTZhzmWaWSbpYFGcCWYVmr6MB14xaMXGEUM3drYiOiCbUuoDKLgS8/PIqCS5r2K/hh6tq/baIowSncAYXgOEa6nAPDWgBhUd4hld485T34r17H4vWNa+YOYE/8D5/AEIljug=</latexit><latexit sha1_base64="Zk6GF3jokMaycsrfCpqPNRbsjV8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9Fj04rFCuy20S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXpYIb6/vf3tr6xubWdmmnvLu3f3BYOToOjMo0ZS2qhNKdiBgmuGQty61gnVQzkkSCtaPx3cxvPzFtuJJNO0lZmJCh5DGnxDopaAb9HE/7lapf8+dAqwQXpAoFGv3KV2+gaJYwaakgxnSxn9owJ9pyKti03MsMSwkdkyHrOipJwkyYz6+donOnDFCstCtp0Vz9PZGTxJhJErnOhNiRWfZm4n9eN7PxTZhzmWaWSbpYFGcCWYVmr6MB14xaMXGEUM3drYiOiCbUuoDKLgS8/PIqCS5r2K/hh6tq/baIowSncAYXgOEa6nAPDWgBhUd4hld485T34r17H4vWNa+YOYE/8D5/AEIljug=</latexit><latexit sha1_base64="Zk6GF3jokMaycsrfCpqPNRbsjV8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9Fj04rFCuy20S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXpYIb6/vf3tr6xubWdmmnvLu3f3BYOToOjMo0ZS2qhNKdiBgmuGQty61gnVQzkkSCtaPx3cxvPzFtuJJNO0lZmJCh5DGnxDopaAb9HE/7lapf8+dAqwQXpAoFGv3KV2+gaJYwaakgxnSxn9owJ9pyKti03MsMSwkdkyHrOipJwkyYz6+donOnDFCstCtp0Vz9PZGTxJhJErnOhNiRWfZm4n9eN7PxTZhzmWaWSbpYFGcCWYVmr6MB14xaMXGEUM3drYiOiCbUuoDKLgS8/PIqCS5r2K/hh6tq/baIowSncAYXgOEa6nAPDWgBhUd4hld485T34r17H4vWNa+YOYE/8D5/AEIljug=</latexit><latexit sha1_base64="Zk6GF3jokMaycsrfCpqPNRbsjV8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9Fj04rFCuy20S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXpYIb6/vf3tr6xubWdmmnvLu3f3BYOToOjMo0ZS2qhNKdiBgmuGQty61gnVQzkkSCtaPx3cxvPzFtuJJNO0lZmJCh5DGnxDopaAb9HE/7lapf8+dAqwQXpAoFGv3KV2+gaJYwaakgxnSxn9owJ9pyKti03MsMSwkdkyHrOipJwkyYz6+donOnDFCstCtp0Vz9PZGTxJhJErnOhNiRWfZm4n9eN7PxTZhzmWaWSbpYFGcCWYVmr6MB14xaMXGEUM3drYiOiCbUuoDKLgS8/PIqCS5r2K/hh6tq/baIowSncAYXgOEa6nAPDWgBhUd4hld485T34r17H4vWNa+YOYE/8D5/AEIljug=</latexit>kV1 � V2k

<latexit sha1_base64="KML7ijp/PwKSjRHEuoC8qZKLVCc=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRF0GXRjcsK9gFtCJPppB06mYSZiVLSfIobF4q49Uvc+TdO2yy09cDlHs65l7lzgoQzpR3n21pb39jc2i7tlHf39g8O7cpRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Hbmdx6pVCwWD3qSUC/CQ8FCRrA2km9X+tO2n7k5ukCm1/P+1LerTs2ZA60StyBVKND07a/+ICZpRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXjY/PUdnRhmgMJamhEZz9fdGhiOlJlFgJiOsR2rZm4n/eb1Uh9dexkSSairI4qEw5UjHaJYDGjBJieYTQzCRzNyKyAhLTLRJq2xCcJe/vEra9Zrr1Nz7y2rjpoijBCdwCufgwhU04A6a0AICT/AMr/BmTa0X6936WIyuWcXOMfyB9fkDBQOTLw==</latexit><latexit sha1_base64="KML7ijp/PwKSjRHEuoC8qZKLVCc=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRF0GXRjcsK9gFtCJPppB06mYSZiVLSfIobF4q49Uvc+TdO2yy09cDlHs65l7lzgoQzpR3n21pb39jc2i7tlHf39g8O7cpRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Hbmdx6pVCwWD3qSUC/CQ8FCRrA2km9X+tO2n7k5ukCm1/P+1LerTs2ZA60StyBVKND07a/+ICZpRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXjY/PUdnRhmgMJamhEZz9fdGhiOlJlFgJiOsR2rZm4n/eb1Uh9dexkSSairI4qEw5UjHaJYDGjBJieYTQzCRzNyKyAhLTLRJq2xCcJe/vEra9Zrr1Nz7y2rjpoijBCdwCufgwhU04A6a0AICT/AMr/BmTa0X6936WIyuWcXOMfyB9fkDBQOTLw==</latexit><latexit sha1_base64="KML7ijp/PwKSjRHEuoC8qZKLVCc=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRF0GXRjcsK9gFtCJPppB06mYSZiVLSfIobF4q49Uvc+TdO2yy09cDlHs65l7lzgoQzpR3n21pb39jc2i7tlHf39g8O7cpRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Hbmdx6pVCwWD3qSUC/CQ8FCRrA2km9X+tO2n7k5ukCm1/P+1LerTs2ZA60StyBVKND07a/+ICZpRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXjY/PUdnRhmgMJamhEZz9fdGhiOlJlFgJiOsR2rZm4n/eb1Uh9dexkSSairI4qEw5UjHaJYDGjBJieYTQzCRzNyKyAhLTLRJq2xCcJe/vEra9Zrr1Nz7y2rjpoijBCdwCufgwhU04A6a0AICT/AMr/BmTa0X6936WIyuWcXOMfyB9fkDBQOTLw==</latexit><latexit sha1_base64="KML7ijp/PwKSjRHEuoC8qZKLVCc=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRF0GXRjcsK9gFtCJPppB06mYSZiVLSfIobF4q49Uvc+TdO2yy09cDlHs65l7lzgoQzpR3n21pb39jc2i7tlHf39g8O7cpRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Hbmdx6pVCwWD3qSUC/CQ8FCRrA2km9X+tO2n7k5ukCm1/P+1LerTs2ZA60StyBVKND07a/+ICZpRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXjY/PUdnRhmgMJamhEZz9fdGhiOlJlFgJiOsR2rZm4n/eb1Uh9dexkSSairI4qEw5UjHaJYDGjBJieYTQzCRzNyKyAhLTLRJq2xCcJe/vEra9Zrr1Nz7y2rjpoijBCdwCufgwhU04A6a0AICT/AMr/BmTa0X6936WIyuWcXOMfyB9fkDBQOTLw==</latexit>

kTV1 � TV2k
<latexit sha1_base64="6mVdG10v5Z5T+/IkOyGJzbW3gB8=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuLEkRdBl0Y3LCr1BE8JkOmmHTiZhZiKENL6KGxeKuPVB3Pk2TtostPWHgY//nMM58/sxo1JZ1rdR2djc2t6p7tb29g8Oj8zjk76MEoFJD0csEkMfScIoJz1FFSPDWBAU+owM/NldUR88EiFpxLsqjYkbogmnAcVIacsz68682/cyO4eXsIBW7sw9s2E1rYXgOtglNECpjmd+OeMIJyHhCjMk5ci2YuVmSCiKGclrTiJJjPAMTchII0chkW62OD6H59oZwyAS+nEFF+7viQyFUqahrztDpKZytVaY/9VGiQpu3IzyOFGE4+WiIGFQRbBIAo6pIFixVAPCgupbIZ4igbDSedV0CPbql9eh32raVtN+uGq0b8s4quAUnIELYINr0Ab3oAN6AIMUPINX8GY8GS/Gu/GxbK0Y5Uwd/JHx+QNZgZPr</latexit><latexit sha1_base64="6mVdG10v5Z5T+/IkOyGJzbW3gB8=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuLEkRdBl0Y3LCr1BE8JkOmmHTiZhZiKENL6KGxeKuPVB3Pk2TtostPWHgY//nMM58/sxo1JZ1rdR2djc2t6p7tb29g8Oj8zjk76MEoFJD0csEkMfScIoJz1FFSPDWBAU+owM/NldUR88EiFpxLsqjYkbogmnAcVIacsz68682/cyO4eXsIBW7sw9s2E1rYXgOtglNECpjmd+OeMIJyHhCjMk5ci2YuVmSCiKGclrTiJJjPAMTchII0chkW62OD6H59oZwyAS+nEFF+7viQyFUqahrztDpKZytVaY/9VGiQpu3IzyOFGE4+WiIGFQRbBIAo6pIFixVAPCgupbIZ4igbDSedV0CPbql9eh32raVtN+uGq0b8s4quAUnIELYINr0Ab3oAN6AIMUPINX8GY8GS/Gu/GxbK0Y5Uwd/JHx+QNZgZPr</latexit><latexit sha1_base64="6mVdG10v5Z5T+/IkOyGJzbW3gB8=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuLEkRdBl0Y3LCr1BE8JkOmmHTiZhZiKENL6KGxeKuPVB3Pk2TtostPWHgY//nMM58/sxo1JZ1rdR2djc2t6p7tb29g8Oj8zjk76MEoFJD0csEkMfScIoJz1FFSPDWBAU+owM/NldUR88EiFpxLsqjYkbogmnAcVIacsz68682/cyO4eXsIBW7sw9s2E1rYXgOtglNECpjmd+OeMIJyHhCjMk5ci2YuVmSCiKGclrTiJJjPAMTchII0chkW62OD6H59oZwyAS+nEFF+7viQyFUqahrztDpKZytVaY/9VGiQpu3IzyOFGE4+WiIGFQRbBIAo6pIFixVAPCgupbIZ4igbDSedV0CPbql9eh32raVtN+uGq0b8s4quAUnIELYINr0Ab3oAN6AIMUPINX8GY8GS/Gu/GxbK0Y5Uwd/JHx+QNZgZPr</latexit><latexit sha1_base64="6mVdG10v5Z5T+/IkOyGJzbW3gB8=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuLEkRdBl0Y3LCr1BE8JkOmmHTiZhZiKENL6KGxeKuPVB3Pk2TtostPWHgY//nMM58/sxo1JZ1rdR2djc2t6p7tb29g8Oj8zjk76MEoFJD0csEkMfScIoJz1FFSPDWBAU+owM/NldUR88EiFpxLsqjYkbogmnAcVIacsz68682/cyO4eXsIBW7sw9s2E1rYXgOtglNECpjmd+OeMIJyHhCjMk5ci2YuVmSCiKGclrTiJJjPAMTchII0chkW62OD6H59oZwyAS+nEFF+7viQyFUqahrztDpKZytVaY/9VGiQpu3IzyOFGE4+WiIGFQRbBIAo6pIFixVAPCgupbIZ4igbDSedV0CPbql9eh32raVtN+uGq0b8s4quAUnIELYINr0Ab3oAN6AIMUPINX8GY8GS/Gu/GxbK0Y5Uwd/JHx+QNZgZPr</latexit>



Convergence of Value Iteration

One step contraction

(k+1) step contraction



Contraction, Fixed Point, Convergence

TJ
<latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit>

J
<latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit>



Contraction, Fixed Point, Convergence

V ⇤ = TV ⇤
<latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit>

J
<latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit>V ⇤

<latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit>

45o
<latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit>

TJ
<latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit>



Contraction, Fixed Point, Convergence

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

TV
<latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit>

V ⇤ = TV ⇤
<latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit>

TJ
<latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit>

J
<latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit>

45o
<latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit>

V ⇤
<latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit>



Contraction, Fixed Point, Convergence

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

TV
<latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit>

TV
<latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit>

T 2V
<latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit>

V ⇤ = TV ⇤
<latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit>

TJ
<latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit>

J
<latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit>

45o
<latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit>



Contraction, Fixed Point, Convergence

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

TV
<latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit>

TV
<latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit><latexit sha1_base64="rUwmHjU3GRGLqk8e5ZY7E1iTHus=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF49V+gVtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem+1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8bTLkCpkRU0soU9zeStiYKsqMDadkQ/BWX14n7auq51a9h+tK/TaPowhncA6X4EEN6nAPDWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/V0iNOA==</latexit>

T 2V
<latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit>

T 2V
<latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit><latexit sha1_base64="crrCPUlY0CekAb7wAPOSwQCuQzM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEzwSvXjEBBYSWEm3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M79zhNVmknRMtOEBjEeCRYxgo2V/NZDVpv5g3LFrboLoHXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL68SvVT236t1fVRo3eRxFOINzuAQP6tCAO2hCGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFCU47o</latexit>

T 3V
<latexit sha1_base64="J2b7NwgHpx7IyyOrnBGhq+BnAZM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqiR6JXjxiAgsJrKRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uGRr2WqCG0RyaXqhFhTzgRtGWY47SSK4jjktB2Ob2d++4kqzaRomklCgxgPBYsYwcZKfvMhu5z6/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq8S/qHpu1buvVeo3eRxFOIFTOAcPrqAOd9CAFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QND2Y7p</latexit><latexit sha1_base64="J2b7NwgHpx7IyyOrnBGhq+BnAZM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqiR6JXjxiAgsJrKRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uGRr2WqCG0RyaXqhFhTzgRtGWY47SSK4jjktB2Ob2d++4kqzaRomklCgxgPBYsYwcZKfvMhu5z6/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq8S/qHpu1buvVeo3eRxFOIFTOAcPrqAOd9CAFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QND2Y7p</latexit><latexit sha1_base64="J2b7NwgHpx7IyyOrnBGhq+BnAZM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqiR6JXjxiAgsJrKRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uGRr2WqCG0RyaXqhFhTzgRtGWY47SSK4jjktB2Ob2d++4kqzaRomklCgxgPBYsYwcZKfvMhu5z6/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq8S/qHpu1buvVeo3eRxFOIFTOAcPrqAOd9CAFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QND2Y7p</latexit><latexit sha1_base64="J2b7NwgHpx7IyyOrnBGhq+BnAZM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqiR6JXjxiAgsJrKRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uGRr2WqCG0RyaXqhFhTzgRtGWY47SSK4jjktB2Ob2d++4kqzaRomklCgxgPBYsYwcZKfvMhu5z6/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq8S/qHpu1buvVeo3eRxFOIFTOAcPrqAOd9CAFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QND2Y7p</latexit>

V ⇤ = TV ⇤
<latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit>

TJ
<latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit><latexit sha1_base64="TdTj44dHazY6sYzf8mFDS9JMbAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iq0i9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYNM0nQj+hQ8pAzaqz02Ljvlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqoem7Ve7is1G7yOIpwAqdwDh5cQQ3uoA5NYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0UYjSw=</latexit>

J
<latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit>

45o
<latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit><latexit sha1_base64="0vc3zxcqg+lMYLVnrOOmtlfbyZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKXlvxwkNBR5IFjOCrZOa5xcPmZr0yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qgV8N7s4rtes8jiIcwTGcQgCXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8ATssjuQ=</latexit>

V ⇤
<latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit><latexit sha1_base64="IoIJ4JH5JoDeAFWJMumNf3R1Bk4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48VTFtoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysFhUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoduq3nlBpnsgHM04xiOlA8ogzaqzkNx/z80mvUnVr7gxkmXgFqUKBRq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy+T5kXNc2ve/WW1flPEUYJjOIEz8OAK6nAHDfCBAYdneIU3RzovzrvzMW9dcYqZI/gD5/MHkAyOgg==</latexit>



Summary: Computing V*

• Optimal value function V* satisfies the Bellman optimality equation

• V* is the unique fixed point of the Bellman operator

• Value iteration, , , converges to V*

V ⇤ = TV ⇤
<latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit><latexit sha1_base64="wQMfZEeiLxQs0qWYqLnlJXeBcuE=">AAAB9XicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzIuhGKLpxWaE3aKclk2ba0ExmSDJKGfoeblwo4tZ3cefbmE5noa0/BD7+cw7n5PdjwbVxnG+0srq2vrFZ2Cpu7+zu7ZcODps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8sd3s3rrkSnNI1k3k5h5IRlKHnBKjLV6zV56PsU3uJ5Bv1R2Kk4mvAxuDmXIVeuXvrqDiCYhk4YKonXHdWLjpUQZTgWbFruJZjGhYzJkHYuShEx7aXb1FJ9aZ4CDSNknDc7c3xMpCbWehL7tDIkZ6cXazPyv1klMcO2lXMaJYZLOFwWJwCbCswjwgCtGjZhYIFRxeyumI6IINTaoog3BXfzyMjQvKq5TcR8uy9XbPI4CHMMJnIELV1CFe6hBAygoeIZXeENP6AW9o4956wrKZ47gj9DnD/sukYM=</latexit>
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State-Action Value Function (Q-function)
• Value of a policy:

• Expected cumulative discounted reward obtained by
starting from state x and following the policy 𝜋

• Q-Value of a policy:

• Expected cumulative discounted reward obtained by 
starting from state x, taking action a, and then following the policy 𝜋
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Recall optimal Value function:

Bellman Equation for Q* :
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Computing optimal policy:
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What is the rate of convergence?

Policy Iteration converges in finite number of steps (!!??)

Iteration over policy space to find the optimal policy
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Policy Iteration

Policy Iteration converges in finite number of steps!

Iteration over policy space to find the optimal policy

Greedy update
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Policy Iteration 

Bad news: It can take up to           steps          nnx
a
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Good news: Much faster in practice!
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Dynamic Programming

Requires the system model P
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When the system model 
is unknown

• Need to learn from experiences and observations
• Observations: Sequences of states, actions, and rewards
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Why Q-function? 
• Q to action is simple:



Why Q-function? 
• Obtaining unbiased samples of (FQ) is easier than 

obtaining unbiased samples of (TV)

is an unbiased sample of (FQ)(xt, at)
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Why Q-function? 
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obtaining unbiased samples of (TV)
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is not an unbiased sample of (TV )(xt)
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Q-Learning Algorithm

• It is a very surprising result!
• Convergence to the optimal Q-value even if you are acting sub-optimally 

(according to a behavioral policy)

• This is called off-policy learning
• Caveats:

• You have explore enough (visit all state-action pairs infinitely often) 
• You have to use the correct learning rate
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Q-Learning Algorithm: Behavioral Policy
• Q-Learning is an off-policy learning algorithm

• However, need to explore enough (make sure that behavioral policy will visit 
all state-action pairs infinitely often) 

• Standard behavioral policy: ε-greedy policy

• Under some conditions on the transition probability matrix, all 
state-action pairs will be visited infinitely often (in the limit)

• Is ε-greedy (Q) is the optimal online control policy?
• What do we mean by optimal online control policy?

Exploration vs Exploitation, Sample Complexity, Safety, Stability
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• Q-Learning is an off-policy learning algorithm

• However, need to explore enough (make sure that behavioral policy will visit 
all state-action pairs infinitely often) 

• Standard behavioral policy: ε-greedy policy

• Under some conditions on the transition probability matrix, all 
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Deep Q Learning



Problems with Large States Space
• RL should be useful to solve large problems:
• Backgammon:
• Go:              (how many atoms are in the universe?)
• Helicopter: continuous state
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Problems with Large States Space
• RL should be useful to solve large problems:
• Backgammon:
• Go:              (how many atoms are in the universe?)
• Helicopter: continuous state

• Recall Q-learning assumptions for convergence
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Problems with Large States Space
• RL should be useful to solve large problems:
• Backgammon:
• Go:              (how many atoms are in the universe?)
• Helicopter: continuous state

• Recall Q-learning assumptions for convergence

• Will we ever solve such a large scale systems?
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Tabular Form to Function Approximation
• We have represented V, Q, 𝜋 in tabular form 
• One element for each state / (state, action)

• Function Approximation:

At
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<latexit sha1_base64="9PeNuPSoTEiDAQWi1NkNdhfTo44=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNoLf+hn+O0X625dXcusgpeATUo1OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a1HRmJsgny87JWfWGZAo0fYpJHP390ROY2MmcWg7Y4ojs1ybmf/VuhlG10EuVJohV2zxUZRJggmZXU4GQnOGcmKBMi3sroSNqKYMbT4VG4K3fPIqtC7qnuX7y1rjpoijDCdwCufgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+CPn8wf9b47K</latexit><latexit sha1_base64="9PeNuPSoTEiDAQWi1NkNdhfTo44=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNoLf+hn+O0X625dXcusgpeATUo1OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a1HRmJsgny87JWfWGZAo0fYpJHP390ROY2MmcWg7Y4ojs1ybmf/VuhlG10EuVJohV2zxUZRJggmZXU4GQnOGcmKBMi3sroSNqKYMbT4VG4K3fPIqtC7qnuX7y1rjpoijDCdwCufgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+CPn8wf9b47K</latexit><latexit sha1_base64="9PeNuPSoTEiDAQWi1NkNdhfTo44=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNoLf+hn+O0X625dXcusgpeATUo1OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a1HRmJsgny87JWfWGZAo0fYpJHP390ROY2MmcWg7Y4ojs1ybmf/VuhlG10EuVJohV2zxUZRJggmZXU4GQnOGcmKBMi3sroSNqKYMbT4VG4K3fPIqtC7qnuX7y1rjpoijDCdwCufgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+CPn8wf9b47K</latexit><latexit sha1_base64="9PeNuPSoTEiDAQWi1NkNdhfTo44=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNoLf+hn+O0X625dXcusgpeATUo1OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a1HRmJsgny87JWfWGZAo0fYpJHP390ROY2MmcWg7Y4ojs1ybmf/VuhlG10EuVJohV2zxUZRJggmZXU4GQnOGcmKBMi3sroSNqKYMbT4VG4K3fPIqtC7qnuX7y1rjpoijDCdwCufgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+CPn8wf9b47K</latexit>

W
<latexit sha1_base64="QW0f9vLnVtb9/NGzh8Cpqxtv8+o=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZnUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtDeM2w==</latexit><latexit sha1_base64="QW0f9vLnVtb9/NGzh8Cpqxtv8+o=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZnUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtDeM2w==</latexit><latexit sha1_base64="QW0f9vLnVtb9/NGzh8Cpqxtv8+o=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZnUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtDeM2w==</latexit><latexit sha1_base64="QW0f9vLnVtb9/NGzh8Cpqxtv8+o=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZnUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtDeM2w==</latexit>

Q(St, At;W )
<latexit sha1_base64="6UvZS7bBzDPWQ+OAyeO6uiUdu+E=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARKkiZEUHBTdWNyxbtBdphyKSZNjRzIckoZeyjuHGhiFufxJ1vY6adhbYeCPn4/3PIye/FnEllWd/G0vLK6tp6YaO4ubW9s2uW9loySgShTRLxSHQ8LClnIW0qpjjtxILiwOO07Y1uMr/9QIVkUXivxjF1AjwImc8IVlpyzVKjcuemanKCrrLrsn3smmWrak0LLYKdQxnyqrvmV68fkSSgoSIcS9m1rVg5KRaKEU4nxV4iaYzJCA9oV2OIAyqddLr6BB1ppY/8SOgTKjRVf0+kOJByHHi6M8BqKOe9TPzP6ybKv3BSFsaJoiGZPeQnHKkIZTmgPhOUKD7WgIlgeldEhlhgonRaRR2CPf/lRWidVm3NjbNy7TqPowAHcAgVsOEcanALdWgCgUd4hld4M56MF+Pd+Ji1Lhn5zD78KePzB7s6kv8=</latexit><latexit sha1_base64="6UvZS7bBzDPWQ+OAyeO6uiUdu+E=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARKkiZEUHBTdWNyxbtBdphyKSZNjRzIckoZeyjuHGhiFufxJ1vY6adhbYeCPn4/3PIye/FnEllWd/G0vLK6tp6YaO4ubW9s2uW9loySgShTRLxSHQ8LClnIW0qpjjtxILiwOO07Y1uMr/9QIVkUXivxjF1AjwImc8IVlpyzVKjcuemanKCrrLrsn3smmWrak0LLYKdQxnyqrvmV68fkSSgoSIcS9m1rVg5KRaKEU4nxV4iaYzJCA9oV2OIAyqddLr6BB1ppY/8SOgTKjRVf0+kOJByHHi6M8BqKOe9TPzP6ybKv3BSFsaJoiGZPeQnHKkIZTmgPhOUKD7WgIlgeldEhlhgonRaRR2CPf/lRWidVm3NjbNy7TqPowAHcAgVsOEcanALdWgCgUd4hld4M56MF+Pd+Ji1Lhn5zD78KePzB7s6kv8=</latexit><latexit sha1_base64="6UvZS7bBzDPWQ+OAyeO6uiUdu+E=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARKkiZEUHBTdWNyxbtBdphyKSZNjRzIckoZeyjuHGhiFufxJ1vY6adhbYeCPn4/3PIye/FnEllWd/G0vLK6tp6YaO4ubW9s2uW9loySgShTRLxSHQ8LClnIW0qpjjtxILiwOO07Y1uMr/9QIVkUXivxjF1AjwImc8IVlpyzVKjcuemanKCrrLrsn3smmWrak0LLYKdQxnyqrvmV68fkSSgoSIcS9m1rVg5KRaKEU4nxV4iaYzJCA9oV2OIAyqddLr6BB1ppY/8SOgTKjRVf0+kOJByHHi6M8BqKOe9TPzP6ybKv3BSFsaJoiGZPeQnHKkIZTmgPhOUKD7WgIlgeldEhlhgonRaRR2CPf/lRWidVm3NjbNy7TqPowAHcAgVsOEcanALdWgCgUd4hld4M56MF+Pd+Ji1Lhn5zD78KePzB7s6kv8=</latexit><latexit sha1_base64="6UvZS7bBzDPWQ+OAyeO6uiUdu+E=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARKkiZEUHBTdWNyxbtBdphyKSZNjRzIckoZeyjuHGhiFufxJ1vY6adhbYeCPn4/3PIye/FnEllWd/G0vLK6tp6YaO4ubW9s2uW9loySgShTRLxSHQ8LClnIW0qpjjtxILiwOO07Y1uMr/9QIVkUXivxjF1AjwImc8IVlpyzVKjcuemanKCrrLrsn3smmWrak0LLYKdQxnyqrvmV68fkSSgoSIcS9m1rVg5KRaKEU4nxV4iaYzJCA9oV2OIAyqddLr6BB1ppY/8SOgTKjRVf0+kOJByHHi6M8BqKOe9TPzP6ybKv3BSFsaJoiGZPeQnHKkIZTmgPhOUKD7WgIlgeldEhlhgonRaRR2CPf/lRWidVm3NjbNy7TqPowAHcAgVsOEcanALdWgCgUd4hld4M56MF+Pd+Ji1Lhn5zD78KePzB7s6kv8=</latexit>

Generalize from seen states to unseen states



What Do We Need
• A good class of function approximators
• Linear combinations of features 
• Decision trees
• Tile coding
• Fourier basis
• Reproducing Kernel Hilbert Spaces
• Neural networks

• A good training algorithm that is suitable for 
non-iid and non-stationary data



Q-Learning with FA
• Q-Learning with FA:

• Does it converge?
• No convergence proofs even with linear function approximation!

“Deadly Triad” according to 
Sutton and Barto (2018)
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Correlation and Forgetting in Q-Learning
• Q-Learning:

• Data is used in sequentially, in the same way as they are observed
• Past data is discarded 

• Correlation: of sequential data leads to (strongly) correlated updates 
• This breaks the i.i.d. assumption of many popular SGD algorithms

• Rapid forgetting:  of possibly rare experiences does not effectively use 
the information (that would be useful later on)
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• Q-Learning:

• Data is used in sequentially, in the same way as they are observed
• Past data is discarded 

• Correlation: of sequential data leads to (strongly) correlated updates 
• This breaks the i.i.d. assumption of many popular SGD algorithms

• Rapid forgetting:  of possibly rare experiences does not effectively use 
the information (that would be useful later on)



Experience Relay
• Experience Replay:
• Break the temporal correlations by mixing more 

and less recent experience for the updates 
• Using rare experience for more than just a single update

B
<latexit sha1_base64="OM/qh7gwJ1yK4QBWqsk+mSQBkN0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua41mUUcZzuAcLsGHG2jAPbSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3HVkVg=</latexit><latexit sha1_base64="OM/qh7gwJ1yK4QBWqsk+mSQBkN0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua41mUUcZzuAcLsGHG2jAPbSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3HVkVg=</latexit><latexit sha1_base64="OM/qh7gwJ1yK4QBWqsk+mSQBkN0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua41mUUcZzuAcLsGHG2jAPbSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3HVkVg=</latexit><latexit sha1_base64="OM/qh7gwJ1yK4QBWqsk+mSQBkN0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua41mUUcZzuAcLsGHG2jAPbSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3HVkVg=</latexit>

QL-is off-policy learning!

Necessary to do off-policy learning for ER!
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• Using rare experience for more than just a single update
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Target Network
• QL gradient update:

• In supervised learning, the target doesn’t depend on the parameter
• In QL, target itself depend on the parameter
• Target is moving as the parameter is updated
• This leads to oscillation and instability

• Solution: 
• Use a separate target network. 
• Keep the target network unchanged for multiple updates

Target for gradient update
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Target Network
• QL gradient update:

• QL with target network
Target for gradient update



Deep Q-Networks (DQN) for Atari Games
• State: Screen Images (history)
• 210 x 160 pixel, 128 color

• Action: Joystick position
• 18 different positions

• Reward: Game score

• Objective: Win the game (a control policy that maximizes game score)

Mnih et al, Human-level control through deep reinforcement learning, Nature, 2015



QL with Function Approximation
• Function Approximation

At
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Use a (deep) NN for 
function approximation



QL with (Deep) NN
• Preprocessing
• Each original frame is 210 x 160 pixel images with a 128-colour palette
• Preprocessing: Reduce it to to 84 x 84 images 
• History: Use the 4 most recent frame 
• State size = 84 x 84 x 4

• Architecture
• Input state (s), output Q(s, a) for each a
• Avoid forward pass for each possible action
• Three CNN and two fully connected layers with ReLU
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QL with (Deep) NN

Same network architecture, hyperparameters for 49 games in Atari



DQN Performance in Atari
• 100 x (DQN score - random play score)/

(human score - random play score)

• Score for each game is averaged over 30 sessions on 
each game, each lasting up to 5 minutes and beginning 
with a random initial game state

• The professional human tester played using the same 
emulator (with the sound turned off).  After 2 hours of 
practice, the human played about 20 episodes of each 
game for up to 5 minutes each and was not allowed to 
take any break during this time 

• DQN played better than the human player 
on 22 of the games. 

• By considering any performance that scored at or above 
75% of the human score to be comparable to, or 
better than, human-level play, Mnih et al. concluded that 
the levels of play DQN learned reached or exceeded 
human level on 29 of the 46 games
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DQN Training
• Training time: Training over 50 million frames
• 38 days of game experience in total

• Replay memory: Recent 1 million frames
• Minibatch size: 32
• Target network update frequency: After every 10k parameter updates
• Action repeat: Repeat the same action for k (= 4) frames
• SGD: RMSProp, with learning rate 0.00025
• Exploration: Epsilon-greedy policy
• Epsilon decreasing from 1.0 to 0.1 over first million frames and then fixed after

• Discount factor: 0.99



Effect of Replay and Target Network



DQN vs Linear



DQN Algorithm
Code: https://sites.google.com/a/deepmind.com/dqn/

https://sites.google.com/a/deepmind.com/dqn/


DQN Improvements
• Prioritized Experience Replay (Shaul et al, ICLR 2016)
• In experience replay, experience transitions were uniformly 

sampled from a replay memory 
• However, some transitions may be more informative than others, 

but may occur less frequently 
• Uniform sampling may not select these experiences
• Can we prioritize the samples to accelerate the learning progress?
• Intuition: Prioritize a sample based on how much can learn from a transition 

(expected learning progress)

• Double DQN (Van Hasselt,  Guez and Silver, AAAI 2026) 
• Overcome the maximization bias in Q-learning
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DQN Improvements
• Dueling DQN (Wang et al, ICML 2016)
• Two streams to separately estimate (scalar) state-value 

and the advantages for each action

• Noisy Networks for Exploration (Fortunato sselt, ICLR 2018) 
• Exploration via adding noise to the neural network parameters

• Distributional Reinforcement Learning (Bellemare, ICML, 2018)
• Tracks the distribution of the Q-values instead of a point estimate

• Rainbow (Hessel et al, AAAI 2018)
• Combining all the DQN improvements



DQN Rainbow Performance



Recent Improvements

“Agent57: Outperforming the human Atari benchmark”
https://deepmind.com/blog/article/Agent57-Outperforming-
the-human-Atari-benchmark

“We’ve developed Agent57, the first deep reinforcement 
learning agent to obtain a score that is above the  human 
baseline on all 57 Atari 2600 games”

Figure from the above link

https://deepmind.com/blog/article/Agent57-Outperforming-the-human-Atari-benchmark
https://deepmind.com/blog/article/Agent57-Outperforming-the-human-Atari-benchmark


Policy Gradient Algorithms



Reinforcement Learning

When the system model 
is unknown

• Q Learning: Learn optimal value (Q-value) function
• Compute the policy from the learned Q-function

• Can we learn the policy directly?
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Parametric Policy
• Consider a (stochastic) policy 

✓
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<latexit sha1_base64="IPLIJyyiyGUWQMPrp67GMfbLPnc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYelCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/ep4z3</latexit><latexit sha1_base64="IPLIJyyiyGUWQMPrp67GMfbLPnc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYelCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/ep4z3</latexit><latexit sha1_base64="IPLIJyyiyGUWQMPrp67GMfbLPnc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYelCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/ep4z3</latexit><latexit sha1_base64="IPLIJyyiyGUWQMPrp67GMfbLPnc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYelCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/ep4z3</latexit>

⇡✓(s, a1)
<latexit sha1_base64="ji9Tjh7VwriBxappAxRYhvu/ZZI=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUEFKIoIui25cVrAXaEKYTCft0MkkzJwIJXbhq7hxoYhbX8Odb+O0zUJbfxj4+M85nDN/mAquwXG+raXlldW19dJGeXNre2fX3ttv6SRTlDVpIhLVCYlmgkvWBA6CdVLFSBwK1g6HN5N6+4EpzRN5D6OU+THpSx5xSsBYgX3opTzIPRgwIOOqPsMkyN3xaWBXnJozFV4Et4AKKtQI7C+vl9AsZhKoIFp3XScFPycKOBVsXPYyzVJCh6TPugYliZn28+n9Y3xinB6OEmWeBDx1f0/kJNZ6FIemMyYw0PO1iflfrZtBdOXnXKYZMElni6JMYEjwJAzc44pRECMDhCpubsV0QBShYCIrmxDc+S8vQuu85hq+u6jUr4s4SugIHaMqctElqqNb1EBNRNEjekav6M16sl6sd+tj1rpkFTMH6I+szx8d/JV+</latexit><latexit sha1_base64="ji9Tjh7VwriBxappAxRYhvu/ZZI=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUEFKIoIui25cVrAXaEKYTCft0MkkzJwIJXbhq7hxoYhbX8Odb+O0zUJbfxj4+M85nDN/mAquwXG+raXlldW19dJGeXNre2fX3ttv6SRTlDVpIhLVCYlmgkvWBA6CdVLFSBwK1g6HN5N6+4EpzRN5D6OU+THpSx5xSsBYgX3opTzIPRgwIOOqPsMkyN3xaWBXnJozFV4Et4AKKtQI7C+vl9AsZhKoIFp3XScFPycKOBVsXPYyzVJCh6TPugYliZn28+n9Y3xinB6OEmWeBDx1f0/kJNZ6FIemMyYw0PO1iflfrZtBdOXnXKYZMElni6JMYEjwJAzc44pRECMDhCpubsV0QBShYCIrmxDc+S8vQuu85hq+u6jUr4s4SugIHaMqctElqqNb1EBNRNEjekav6M16sl6sd+tj1rpkFTMH6I+szx8d/JV+</latexit><latexit sha1_base64="ji9Tjh7VwriBxappAxRYhvu/ZZI=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUEFKIoIui25cVrAXaEKYTCft0MkkzJwIJXbhq7hxoYhbX8Odb+O0zUJbfxj4+M85nDN/mAquwXG+raXlldW19dJGeXNre2fX3ttv6SRTlDVpIhLVCYlmgkvWBA6CdVLFSBwK1g6HN5N6+4EpzRN5D6OU+THpSx5xSsBYgX3opTzIPRgwIOOqPsMkyN3xaWBXnJozFV4Et4AKKtQI7C+vl9AsZhKoIFp3XScFPycKOBVsXPYyzVJCh6TPugYliZn28+n9Y3xinB6OEmWeBDx1f0/kJNZ6FIemMyYw0PO1iflfrZtBdOXnXKYZMElni6JMYEjwJAzc44pRECMDhCpubsV0QBShYCIrmxDc+S8vQuu85hq+u6jUr4s4SugIHaMqctElqqNb1EBNRNEjekav6M16sl6sd+tj1rpkFTMH6I+szx8d/JV+</latexit><latexit sha1_base64="ji9Tjh7VwriBxappAxRYhvu/ZZI=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUEFKIoIui25cVrAXaEKYTCft0MkkzJwIJXbhq7hxoYhbX8Odb+O0zUJbfxj4+M85nDN/mAquwXG+raXlldW19dJGeXNre2fX3ttv6SRTlDVpIhLVCYlmgkvWBA6CdVLFSBwK1g6HN5N6+4EpzRN5D6OU+THpSx5xSsBYgX3opTzIPRgwIOOqPsMkyN3xaWBXnJozFV4Et4AKKtQI7C+vl9AsZhKoIFp3XScFPycKOBVsXPYyzVJCh6TPugYliZn28+n9Y3xinB6OEmWeBDx1f0/kJNZ6FIemMyYw0PO1iflfrZtBdOXnXKYZMElni6JMYEjwJAzc44pRECMDhCpubsV0QBShYCIrmxDc+S8vQuu85hq+u6jUr4s4SugIHaMqctElqqNb1EBNRNEjekav6M16sl6sd+tj1rpkFTMH6I+szx8d/JV+</latexit>

⇡✓(s, a2)
<latexit sha1_base64="sMgFMRErkD4EgZonDBYtJl6aZVE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhApSkiLosujGZQV7gSaEyXTSDp1cmDkRSszCV3HjQhG3voY738Zpm4W2/jDw8Z9zOGd+PxFcgWV9G6WV1bX1jfJmZWt7Z3fP3D/oqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOuPb6b17gOTisfRPUwS5oZkGPGAUwLa8swjJ+Fe5sCIAclr6hwTL2vkZ55ZterWTHgZ7AKqqFDLM7+cQUzTkEVABVGqb1sJuBmRwKlgecVJFUsIHZMh62uMSMiUm83uz/GpdgY4iKV+EeCZ+3siI6FSk9DXnSGBkVqsTc3/av0Ugis341GSAovofFGQCgwxnoaBB1wyCmKigVDJ9a2YjogkFHRkFR2CvfjlZeg06rbmu4tq87qIo4yO0QmqIRtdoia6RS3URhQ9omf0it6MJ+PFeDc+5q0lo5g5RH9kfP4AH4KVfw==</latexit><latexit sha1_base64="sMgFMRErkD4EgZonDBYtJl6aZVE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhApSkiLosujGZQV7gSaEyXTSDp1cmDkRSszCV3HjQhG3voY738Zpm4W2/jDw8Z9zOGd+PxFcgWV9G6WV1bX1jfJmZWt7Z3fP3D/oqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOuPb6b17gOTisfRPUwS5oZkGPGAUwLa8swjJ+Fe5sCIAclr6hwTL2vkZ55ZterWTHgZ7AKqqFDLM7+cQUzTkEVABVGqb1sJuBmRwKlgecVJFUsIHZMh62uMSMiUm83uz/GpdgY4iKV+EeCZ+3siI6FSk9DXnSGBkVqsTc3/av0Ugis341GSAovofFGQCgwxnoaBB1wyCmKigVDJ9a2YjogkFHRkFR2CvfjlZeg06rbmu4tq87qIo4yO0QmqIRtdoia6RS3URhQ9omf0it6MJ+PFeDc+5q0lo5g5RH9kfP4AH4KVfw==</latexit><latexit sha1_base64="sMgFMRErkD4EgZonDBYtJl6aZVE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhApSkiLosujGZQV7gSaEyXTSDp1cmDkRSszCV3HjQhG3voY738Zpm4W2/jDw8Z9zOGd+PxFcgWV9G6WV1bX1jfJmZWt7Z3fP3D/oqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOuPb6b17gOTisfRPUwS5oZkGPGAUwLa8swjJ+Fe5sCIAclr6hwTL2vkZ55ZterWTHgZ7AKqqFDLM7+cQUzTkEVABVGqb1sJuBmRwKlgecVJFUsIHZMh62uMSMiUm83uz/GpdgY4iKV+EeCZ+3siI6FSk9DXnSGBkVqsTc3/av0Ugis341GSAovofFGQCgwxnoaBB1wyCmKigVDJ9a2YjogkFHRkFR2CvfjlZeg06rbmu4tq87qIo4yO0QmqIRtdoia6RS3URhQ9omf0it6MJ+PFeDc+5q0lo5g5RH9kfP4AH4KVfw==</latexit><latexit sha1_base64="sMgFMRErkD4EgZonDBYtJl6aZVE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhApSkiLosujGZQV7gSaEyXTSDp1cmDkRSszCV3HjQhG3voY738Zpm4W2/jDw8Z9zOGd+PxFcgWV9G6WV1bX1jfJmZWt7Z3fP3D/oqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOuPb6b17gOTisfRPUwS5oZkGPGAUwLa8swjJ+Fe5sCIAclr6hwTL2vkZ55ZterWTHgZ7AKqqFDLM7+cQUzTkEVABVGqb1sJuBmRwKlgecVJFUsIHZMh62uMSMiUm83uz/GpdgY4iKV+EeCZ+3siI6FSk9DXnSGBkVqsTc3/av0Ugis341GSAovofFGQCgwxnoaBB1wyCmKigVDJ9a2YjogkFHRkFR2CvfjlZeg06rbmu4tq87qIo4yO0QmqIRtdoia6RS3URhQ9omf0it6MJ+PFeDc+5q0lo5g5RH9kfP4AH4KVfw==</latexit>

⇡✓(s, a|A|)
<latexit sha1_base64="SnU1H1SO3QZvwSaxMJq/V15Fy2o=">AAACC3icbZA9SwNBEIb3/IzxK2ppsyQIChLuRNAyamMZwSRCLhxzm02yuPfB7pwQLtfb+FdsLBSx9Q/Y+W/cJFdo4gsLD+/MsDOvH0uh0ba/rYXFpeWV1cJacX1jc2u7tLPb1FGiGG+wSEbqzgfNpQh5AwVKfhcrDoEvecu/vxrXWw9caRGFtziMeSeAfih6ggEayyuV3Vh4qYsDjpAd6mMKXjpyA8ABA5leZKPsyCtV7Ko9EZ0HJ4cKyVX3Sl9uN2JJwENkErRuO3aMnRQUCiZ5VnQTzWNg99DnbYMhBFx30sktGT0wTpf2ImVeiHTi/p5IIdB6GPimc7ylnq2Nzf9q7QR7551UhHGCPGTTj3qJpBjRcTC0KxRnKIcGgClhdqVsAAoYmviKJgRn9uR5aJ5UHcM3p5XaZR5HgeyTMjkkDjkjNXJN6qRBGHkkz+SVvFlP1ov1bn1MWxesfGaP/JH1+QNDNJss</latexit><latexit sha1_base64="SnU1H1SO3QZvwSaxMJq/V15Fy2o=">AAACC3icbZA9SwNBEIb3/IzxK2ppsyQIChLuRNAyamMZwSRCLhxzm02yuPfB7pwQLtfb+FdsLBSx9Q/Y+W/cJFdo4gsLD+/MsDOvH0uh0ba/rYXFpeWV1cJacX1jc2u7tLPb1FGiGG+wSEbqzgfNpQh5AwVKfhcrDoEvecu/vxrXWw9caRGFtziMeSeAfih6ggEayyuV3Vh4qYsDjpAd6mMKXjpyA8ABA5leZKPsyCtV7Ko9EZ0HJ4cKyVX3Sl9uN2JJwENkErRuO3aMnRQUCiZ5VnQTzWNg99DnbYMhBFx30sktGT0wTpf2ImVeiHTi/p5IIdB6GPimc7ylnq2Nzf9q7QR7551UhHGCPGTTj3qJpBjRcTC0KxRnKIcGgClhdqVsAAoYmviKJgRn9uR5aJ5UHcM3p5XaZR5HgeyTMjkkDjkjNXJN6qRBGHkkz+SVvFlP1ov1bn1MWxesfGaP/JH1+QNDNJss</latexit><latexit sha1_base64="SnU1H1SO3QZvwSaxMJq/V15Fy2o=">AAACC3icbZA9SwNBEIb3/IzxK2ppsyQIChLuRNAyamMZwSRCLhxzm02yuPfB7pwQLtfb+FdsLBSx9Q/Y+W/cJFdo4gsLD+/MsDOvH0uh0ba/rYXFpeWV1cJacX1jc2u7tLPb1FGiGG+wSEbqzgfNpQh5AwVKfhcrDoEvecu/vxrXWw9caRGFtziMeSeAfih6ggEayyuV3Vh4qYsDjpAd6mMKXjpyA8ABA5leZKPsyCtV7Ko9EZ0HJ4cKyVX3Sl9uN2JJwENkErRuO3aMnRQUCiZ5VnQTzWNg99DnbYMhBFx30sktGT0wTpf2ImVeiHTi/p5IIdB6GPimc7ylnq2Nzf9q7QR7551UhHGCPGTTj3qJpBjRcTC0KxRnKIcGgClhdqVsAAoYmviKJgRn9uR5aJ5UHcM3p5XaZR5HgeyTMjkkDjkjNXJN6qRBGHkkz+SVvFlP1ov1bn1MWxesfGaP/JH1+QNDNJss</latexit><latexit sha1_base64="SnU1H1SO3QZvwSaxMJq/V15Fy2o=">AAACC3icbZA9SwNBEIb3/IzxK2ppsyQIChLuRNAyamMZwSRCLhxzm02yuPfB7pwQLtfb+FdsLBSx9Q/Y+W/cJFdo4gsLD+/MsDOvH0uh0ba/rYXFpeWV1cJacX1jc2u7tLPb1FGiGG+wSEbqzgfNpQh5AwVKfhcrDoEvecu/vxrXWw9caRGFtziMeSeAfih6ggEayyuV3Vh4qYsDjpAd6mMKXjpyA8ABA5leZKPsyCtV7Ko9EZ0HJ4cKyVX3Sl9uN2JJwENkErRuO3aMnRQUCiZ5VnQTzWNg99DnbYMhBFx30sktGT0wTpf2ImVeiHTi/p5IIdB6GPimc7ylnq2Nzf9q7QR7551UhHGCPGTTj3qJpBjRcTC0KxRnKIcGgClhdqVsAAoYmviKJgRn9uR5aJ5UHcM3p5XaZR5HgeyTMjkkDjkjNXJN6qRBGHkkz+SVvFlP1ov1bn1MWxesfGaP/JH1+QNDNJss</latexit>



Parametric Policy
• Objective: Find the optimal policy         that maximizes  
• Consider a (stochastic) policy
• Define                        
• Goal: Find 

• Parametric policy examples:

• Softmax policy:

• Gaussian policy (for continuous action space): 

⇡⇤
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Parametric Policy
• Objective: Find the optimal policy         that maximizes  
• Consider a (stochastic) policy
• Define                        
• Goal: Find 

• Parametric policy examples:

• Softmax policy:

• Gaussian policy (for continuous action space): 
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Parametric Policy
• Objective: Find the optimal policy         that maximizes  
• Consider a (stochastic) policy
• Define                        
• Goal: Find 

• Parametric policy examples:

• Softmax policy:

• Gaussian policy (for continuous action space): 
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Policy Gradient
• Objective: Find the optimal policy         that maximizes  
• Consider a (stochastic) policy
• Define                        
• Goal: Find 

• Policy gradient intuition:
• Will this converge?
• How do we estimate the gradient?  
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Why Policy Gradient?
• Advantages: 
• In many problems,  policy may be a simpler function to approximate
• Choice of policy parameterization is a good way of incorporating domain 

knowledge about the system into the reinforcement learning algorithm 
• Effective in high-dimensional or continuous action spaces 
• Can learn stochastic policies 

• Disadvantages:
• Typically converge to a local rather than global optimum 
• Evaluating a policy is typically inefficient and high variance 
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Why it is difficult?
• Value of a policy depends on both action selections (policy) and the 

(stationary) distribution of the states resulting from the policy
• Given a state s,                   can be computed
• But, the gradient of the (stationary) distribution of the states induced 

by the policy cannot be computed easily (why?)
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• Value of a policy depends on both action selections (policy) and the 

(stationary) distribution of the states resulting from the policy
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Why it is difficult?
• Value of a policy depends on both action selections (policy) and the 

(stationary) distribution of the states resulting from the policy
• Given a state s,                   can be computed
• But, the gradient of the (stationary) distribution of the states induced 

by the policy cannot be computed easily
• Requires the knowledge of the transition probability
• Transition probability is unknown!

• How do we estimate the gradient?
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Policy Gradient Theorem

• Doesn't depend on the gradient of the (stationary) distribution 
induced by the policy!
• Can be estimated from the sample trajectories
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Actor-Critic Algorithm
• We have

• Approximate Q function:                              . Then, 

• Can we do the update

• w should give a good approximation
• is unknown. So, need to learn w
• changing. So, w should also change

Yes, but what is the w
to be used?
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Actor-Critic Algorithm

• Critic: Updates Q-value parameter w
(Evaluate the policy corresponding to    )

• Actor: Update policy parameter 
(Improve the policy in the direction suggested by critic) 
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Can be done by TD
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Advanced Policy Gradient Algorithms

• Natural Policy Gradient Algorithm (Kakade, NIPS, 2002)

• Trust Region Policy Optimization (TRPO) (Schulman et al, ICML, 2015)

• Proximal Policy Optimization (PPO) (Schulman et al, 2017)
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Taxonomy of RL Algorithms

[1] https://spinningup.openai.com/en/latest/spinningup/rl_intro2.html#id20



Conclusion
• RL provides a general-purpose framework for AI  
• RL problems can be solved by end-to-end deep learning 
• Reinforcement Learning + Deep Learning = AI ?



Conclusion
• RL is a very active research area!!
• How do we learn fast? (RL is infamous for being data hungry)
• How do we learn safely? (Don’t want my drone to crash during 

training/testing)
• How do we use memory for transfer/meta learning? (Learning one task 

should be useful to execute other tasks)
• How do we represent and learn hierarchical features? (Breaking down a very 

large task to simple tasks, to reduce the complexity)
• How do we learn from an expert? (Can the AI agent learn from human agents’ 

demonstrations?)
• How do we learn with multiple agents? (Especially if the agents are rational 

and selfish)
• Would you like to do some cool research on RL?
• Please send me an email!


